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Extended Abstract

Introduction

Ordered algebraic structures have been investigated by many mathematicians. In the last decades, many
researchers introduced and investigated lattice topologies on the ordered algebraic structures [12], [19],
[14], [23], [27] and [29]. In 1998, Gusic introduced the concept of an admissible subset of a 2-divisible
lattice-ordered group H, which induces a topology on it. This topology is a group topology and also is
locally solid. The Gusic topology investigated by Ranjbar and Pourgholamhossein in [23] and [27] and
Yang in [29]. In [23], the authors introduced the concept of links as a generalization of admissible subsets
of a lattice-ordered group. The topology induced by a link is Hausdorff. If the lattice-ordered group H
is Archimedean with order unit, then the set of all order units is a link and called the strong link. It is a
case that the lattice-ordered group is also an Archimedean Riesz space. However the link topology in an
Archimedean Riesz space is not necessarily a vector topology. The authors in [24] showed that the link
topology in an Archimedean Riesz space is a vector topology if and only if the link is the strong link.
Although the link topology in a Riesz space is not a vector topology in general, it makes the Riesz space
into a locally convex topological vector group [17]. The notion of topological vector group was defined
and studied by Raikov in [25] and [26].

Positive filter topology on a lattice-ordered group is another lattice group topology which was intro-
duced and investigated in [19] and [14]. A positive filter is a subset of the positive cone of an /- group
which induces the positive filter topology. Every link in an /-group is a positive filter. In some cases, the
positive filter topology and link topology on an ¢-group are the same, which have been investigated by
authors in [24].

In this work, we review the last researches about the introduction of lattice topologies on a Riesz
space and we investigate some properties of these topologies on L, (G) (0 < p < o0) spaces, where G
is a locally compact abelian group with the Haar measure. In fact, we consider L,(G) (0 < p < 00)
as Riesz spaces with pointwise ordering in the sense of almost everywhere. The Riesz spaces L,(G) or
L,(X,X, ) are very important in functional analysis. It is well known that for 1 < p, L,,(G) spaces are
Banach lattices with respect to the integral norm. A famous theorem about the spaces L,(G) or more
generally L, (X, X, p1) is that every abstract Ly-space has a representation of the form L, (X, 3, i) (see
[1] for more details). Furthermore, as we shall see later, L, (G) is a locally convex topological vector
group with respect to every link topology on it. We also see that some of the link topologies are finer
than the integral norm topology on L, (G).

We show that if GG is not discrete, then for every 0 < p < oo and every neighborhood U of zero in
G, there is an unbounded f € L, (G) such that supp(f) is contained in U. We also show that an L, (G)
(0 < p < o0) does not contain an order unit unless G is finite. We introduce the notion of completely
positive functions in an L,(G) and we show that the set of all completely positive functions is a link
in L,(G) if G is o-compact. A completely positive function is a real-valued measurable function on G
which is far from zero almost everywhere.

It is well known that in L, (G) the pointwise multiplication is not closed in general. We introduce the
concept of p-ideal subspace of an L, (G) which is closed under pointwise multiplication. More precisely,
for 0 < p < oo, a function f € L,(G) is p-ideal, if for every g € L,(G), we have f.g € L,(G). For
instance, every characteristic function on a compact subset of G is a p-ideal of L,,(G) forall 0 < p < oc.
The set of all p-ideal functions is a linear subspace of L,,(G) and we call it the p-ideal subspace of L, (G).



We show that this is an order-ideal of L, (G). We also show that the p-ideal subspace of an L,(G) with
pointwise multiplication is a Riesz algebra. In addition, we give a link topology on the p-ideal subspace

of L,(G) which makes it a topological lattice-ordered ring.

Conclusion

In this paper, the following concepts are presented:
1- A completely positive measurable function.
2- A p-ideal function in an L,(G).
3- A p-ideal subspace of an L, (G) and we denote it by 1L, (G).
4- The link /P in I L,(G).
Also, the next theorems, propositions and corollaries are presented:
1- The Riesz space of L, (G) contains a strong link, if G is a finite group.
2-If G is a o-compact locally compact abelian group, then the set of all completely positive functions in
L,(G)isalinkin L,(G) (0 < p < 00).
3- IL,(G) is a Riesz subspace and an order-ideal of L,,(G). Furthermore, I L,,(G) is closed under point-
wise multiplication and is a Riesz algebra.
4- If G is o-compact, then I L,(G) is a topological lattice-ordered ring with respect to some of the link

topologies.
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Extended Abstract

One of the useful operators in graphs is labeling. A labeling for a graph is a mapping in which elements
of the graph are mapped to numbers. These numbers are usually positive or non-negative integers. If
the domain of the map is the set of vertices, edges, or both, then the labeling is called vertices labeling,
edge labeling, or complete labeling, respectively. In 1963, the concept of a magic graph was defined by
Sedlacek. A graph is called magic if there exists a mapping from the graph to the set of positive integer
numbers, so that firstly, for each different two edges, the values of the mapping are also different, and
secondly for any arbitrary vertex of the graph, the sum of the mapping values of the edges that coincide
with vertex should be equal to a specific number. Magic labelings are one-to-one mappings and cover
with a constant sum property. A labeling is called edge-magic if the sum of the labels of the elements
connected to an edge is a fixed number. This constant value is independent of edge selection. If the
same property holds for an arbitrary vertex in the graph, then the labeling is called vertex-magic. In
this paper, first, we defined the concept of complete magic labeling of vertices and unbalanced complete
bipartite graphs. Then, we showed that complete graphs can have complete magic labeling of vertices.
For those complete graphs that did not have the necessary conditions, we described how to construct the
complete magic labeling of the vertices using the magic square. Also, we have described and explained
the complete magic labeling techniques of vertices in the case of complete bipartite graphs. Now, we
state the purpose of this paper with more details.

Consider the graph G = (V, E ) a simple, finite and undirected graph. A labeling or valuation for a
graph is a mapping in which elements (nodes and or edges ) are mapped to numbers. These numbers are
usually positive or non-negative integers. If the mapping domain is the set of vertices, the set of edges,
or the set of their union, then labeling is called vertex labeling, edge labeling, or complete labeling,
respectively. The concept of magic graph was first introduced in 1963 by Sedlacek. A graph G is called
magic if there exists a mapping f from E(G) to the set of positive integers such that:

1. For both arbitrary edges e; and e; if e; # e;, then # f (e;) # £ (ej) .

2. For a predetermined fixed number A and for any arbitrary vertex v. € V(G), we have:

S p(vie) fle) = A

e € E(G)

So that

1 , If e is adjacent to node v
p(v,e)= .
, otherwise

Magic labels are one-to-one mappings and overlay with a constant sum property. A labeling is called
edge-magic if the sum of the labels of the elements connected to an edge is a fixed number. This constant
value is independent of edge selection. If the same property is true for an arbitrary vertex, then such a
labeling is called a magic-vertex.

Vertices complete magic labeling of a complete bipartite graph

We show the set of vertices and edges of the graph Ky, 1, as follows:
V:{Xl)x27"'7xm7y17y27 ety Yn}a E:{Xi}’j3 1§i§m7 1§j§n}~There'

\O



fore, we can show the complete vertices labeling of the graph K, , with a matrix as follows:

agp - aon
amo0 " QAmn
f (Xi) _] =0
aij =14 f(yj) i=0
f (xiy;) otherwise

Definition 0.1. Graph K, ,, is said to be unbalanced if |m — n| > 1.

In the following theorem, we show that a complete bipartite unbalanced graph cannot have complete

magic labeling of vertices.

Theorem 0.2. If K, ,, is unbalanced, then it cannot have complete magic labeling of vertices.
Constructing complete magic vertex labeling for graph K,,, ,,

In this section, we want to present how to make a complete vertices magic labeling of graph K, ,,. Since

this magic labeling is done by using the magic square, we first define the magic square.

Definition 0.3. A magic square with order n is a table n X n whose houses are filled with positive numbers

1,2,...,n? so that the sum of the numbers of each row, each column or its diagonal is a fixed number:

Theorem 0.4. For every m > 1, K, , has complete vertices magic labeling with magic constant

% (m+1)3—(m+1)].

According to what was stated, it is possible to create a complete magic vertex labeling for complete
bipartite graphs. This is an important achievement in the field of graph labeling.

\#
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Extended Abstract

Introduction

The concept of sequence entropy was introduced by Kushnirenko [6]. This invariant could distinguish
between automorphisms with zero entropy. Let (X, B, 1) be a probability space and 7 : X — X be a
measurable map preserving p1. Letalso, I' = {¢;},-, be a sequence of increasing positive integers (if T is
invertible, then the sequence may consist of arbitr;lry integers). The sequence entropy of T" with respect
to ¢ is defined by

n—1

(T, €) = lim sup ~H,(\/ Tt¢),

n
n—00 i=0

where Hy, (1) = — 3_ 4¢,, #(A) log p(A) is the usual Shannon entropy of a partition 7). Finally, the metric
sequence entropy of T" (with respect to I') is defined by

hur(T) = Slgp hur(T,€),

where the supremum is taken over all finite partitions of X. Clearly if we set I' = {i}$2,, then we
will have the usual metric entropy. In [8], Newton proved that the sequence entropy of an ergodic auto-
morphism with finite positive entropy is a multiple of the metric entropy of the system. The relationship
between sequence entropy and generators was also studied by Rokhlin [ 16]. The special case of aperiodic
automorphisms has also been studied in [8]. One may find a comparison between some results in classical
Kolmogorov entropy and sequence entropy in [1]. Comprehensive discussions and results on sequence
entropy of dynamical systems may be found in [4, 5]. There are also other concepts of entropy based on
sequences of integers that generalize Kolmogorov entropy [21, 22]. There are several local approaches
to the concept of entropy in dynamical systems [3, 6, 9, 9—12, 16]. This motivates us to extend the local
theory of entropy of dynamical systems to the sequence entropy case. In the present paper, for finitely
ergodic dynamical systems, we follow the definition of sequence entropy in a local manner. Given any
sequence I, we define a local entropy Jr which all sequence entropies h,, 1(7") with 1, as an invariant
measure, are extracted from Jr. In the rest of the paper, if 7' : X — X is a continuous map on a compact
metric space, then we denote by M (X, T) and E(X,T) the set of all T-invariant and T-ergodic prob-
ability measures on X respectively. In 1970, Newton presented the relationship between the sequence

entropy and Kolmogorov entropy. We first recall the following definition.

Definition 0.1. ([5]) Given an increasing sequence of integers I' = {t;}I'_, let

Sr(n, k) = card U{ti,ti +1,..,t; + k},

i=1
and define
K(') = lim <limsup Sp(n,k)) .
n

k— o0 n—oo

The following theorem states the relationship between sequence entropy and Kolmogorov entropy

for invertible ergodic systems.

Theorem 0.2. ([8]) LetT : X — X be an invertible map preserving an ergodic measure . Then
(i) hyr(T)=0if K(I') = 0.

A



(i) hr(T) = K(D)hy(T) if 0 < hy(T) < .
(iii) h,r(T) =010 < K(I') < oo and h,(T) = 0.
(iv) h,r(T) =00 if0 < K(I') < o0 and h,(T) = oc.

In Section 2, we present some results on sequence entropy. In Section 3, we present a local approach
to the sequence entropy of compact dynamical systems. We assign a map to any compact dynamical
system which can be used to extract the sequence entropy by integrating it with respect to any invariant

measure. In Section 4, we give some concluding remarks.

Conclusion

In this paper, the following definitions and results are given:

Definition 0.3. Forx € X and A C X, the average visit time of x in A is defined as follows:

1 .
w(z, A) := limsup 5]{0 <j<n-1T(x) e A},

n—oo

where | - | stands for the cardinality of a set.

Definition 0.4. Let & be a partition and x € X. We define Q(z, &) as follows:

Q(z,8) =) d(w(z, A)),

A€

where ¢(t) = —tlogt fort > 0and ¢(0) = 0. Ifn) is another partition of X, then the conditional version
of the previous quantity is defined as follows:

Qa,eln) = Y WvBW(W)

Aeg,Ben

Definition 0.5. Let " = {t;},>1 be an increasing sequence of positive integers, and £ be a finite partition
of X. The I'-local entropy map of T with respect to £ is defined as follows:

n

Jr(z,€) := limsup %Q(az, \/ Ttig).

nee i=1
ForI' = {i}$°,, we simply write Jp = J.
Lemma 0.6. For any x € X and partitions & and 1), we have
Uz, & V) =z, &) + Qz,n[E).
Lemma 0.7. For any x € X and Borel partitions &, 0, if § < n, then Q(x,&) < Q(z,n).

The following theorem is our main result.

Y



Theorem 0.8. LetT' : X — X be a continuous finitely ergodic map on a compact metric space and
I' = {ti}i>1 be an increasing sequence of positive integers. Then, for every T-invariant Borel probability

measure [, we have

sup [ oo €)dule) = e (D),
& JX
where the supremum is taken over all finite Borel partitions of X.

The following properties are proved in [1].

Proposition 0.9. (i) Let I = {t;};>1 be a sequence of integers and k € N. If T : X — X is a map

preserving the measure |, and & is a finite partition of X, then
hur (T,€) = hy o0y (T, €),
where o : NN — NN s the shift map. In particular,
P (T) = hy or @y (T).
(i) LetT' = {k"},,>1 and £ be a partition of X. If T is a map preserving the measure p, then
i (T,€) = 0 (T, €)

for any m € N. In particular,
hu,F(T) = hqu(Tkm)-

The following proposition is the local version of Proposition 0.9.

Proposition 0.10. Let T : X — X be a compact dynamical system, preserving a Borel probability

measure | and & be a Borel partition of X.

(i) Given any sequence of positive integers I' = {t;};>1, we have Jr(z,§) = Jox (1) (, §) for p-almost

everyr € X.

(ii) IfT = {k"}n>1, then, for any m € N we have Jt (x, &) = Jl?km (x, &) for u-almost every x € X,
where Jff and Jff " are the T-local entropy maps corresponding to T and T*™, respectively.

AR}
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Extended Abstract

Introduction

NTRU lattices have emerged as a specialized subset of general lattices, offering distinct advantages that
have garnered significant attention in the realm of cryptography. Their efficient implementation of com-
mon lattice algorithms has positioned them as a favorable choice for employment in asymmetric cryp-
tographic schemes, particularly those involving public key encryption and digital signatures. Within
NTRU-based schemes, fundamental components such as keys and ciphertexts are represented as polyno-
mials, reflecting the inherent algebraic structure of NTRU lattices.

Notably, the private key utilized in certain NTRU-based schemes is characterized by a polynomial of
low degree with exceedingly small coefticients, while the public key is represented by a polynomial with
large coefficients. This distinction effectively establishes short and long bases within the lattice structure,
contributing to the security and efficiency of NTRU-based cryptographic systems. The unique properties
of NTRU lattices have not only facilitated the development of robust cryptographic solutions but have
also sparked further exploration and research in the field, holding promise for continued advancements
in secure communication and data protection. Several lattice-based encryption schemes usually require
solving the NTRU equation to generate keys:

fG—gF=qmod x"+1

where f and g are constants, and the objective is to calculate F' and G for the equation. It should be noted
that the polynomials are in

Zlx]/ (" +1).

Conceptually, a signature scheme consists of three stages: key generation, signing, and verification. In
the context of NTRU-based signature schemes, the process of private key generation typically consumes a
significant amount of time, especially when executed on standard computing hardware such as a regular
laptop (Intel Core i7-6567U 3.30 GHz), where the generation process may exceed one second. Con-
versely, the signing and verification stages exhibit notably lower time requirements, often on the order
of milliseconds.

The current paper delves into the challenge of mitigating the time-intensive nature of private key
generation in NTRU-based signature schemes. It thoroughly examines existing methods and their asso-
ciated limitations, paving the way for the introduction of a novel approach rooted in the realm of number
fields. This innovative method showcases a remarkable reduction in the execution time required for pri-
vate key generation, presenting a compelling avenue for enhancing the overall efficiency and practicality
of NTRU-based signature schemes.

The introduction of asymmetric encryption systems by Diffie and Hellman in 1976 marked a signif-
icant milestone in the evolution of cryptography. At the core of asymmetric systems lies the concept of
employing a set of information along with a one-way function for encryption, which in isolation does
not provide sufficient data for decryption. For the decryption process, an additional finite set of informa-
tion, known as the “private key,” is indispensable, while the set of information required for encryption is
termed the “public key.”

The prevalent one-way function in asymmetric encryption, rooted in discrete logarithm and expo-

nentiation, serves as the cornerstone for well-known asymmetric encryption systems such as ElGamal,
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ECC, and RSA. These systems hinge on number theory problems that, with the emergence of quantum
computing, are susceptible to resolution. In response to this vulnerability, extensive research has been
directed toward exploring the complexity of lattice problems, aiming to identify alternative approaches
for asymmetric encryption that do not rely on lattice-based foundations. Notably, the NTRU encryption
system, a highly efficient lattice-based system, derives its resilience from the formidable challenge of
solving the Shortest Vector Problem (SVP) within lattices, presenting a compelling avenue for robust en-
cryption in the face of advancing cryptographic landscapes. This paper also delves into the mathematical
prerequisites needed for the study. Specifically, it includes a review of lattice concepts, gathering es-
sential concepts from NTRU lattices, studying number fields and related concepts, reviewing Karatsuba
multiplication (used in the paper), and finally examining ring structures.

A real-valued V module over R, which functions as a module over a set closed under addition and
scalar multiplication, transforms into a lattice when it is bounded by a finite set of real numbers. The
defining characteristic of a lattice lies in the presence of a bounded set of real numbers that can be added
to the set, establishing its fundamental structure.

In our pursuit of optimizing computations on polynomial rings, particularly in the context of solving
the NTRU equation, we have strategically employed number fields to enhance efficiency and perfor-
mance. This strategic utilization of number fields carries significant practical implications, particularly
for the post-quantum Falcon signature algorithm. Notably, our optimizations enable the complete utiliza-
tion of the Falcon signature algorithm on small microcontrollers or even smart cards, with the algorithm
requiring a mere 32 kilobytes of RAM to operate effectively. This level of resource efficiency extends
to the implementation of long-term secure NTRU lattices (degree n = 1024), showcasing that all signa-
ture operations, including signature generation, verification, and key pair generation, can be seamlessly
executed on such resource-constrained hardware environments. This breakthrough paves the way for
the widespread deployment of robust cryptographic solutions in diverse computing environments, from
embedded systems to loT devices, without compromising on security or performance.

We also list several open questions below:
Non-cyclotomic polynomials: In our description, we covered cyclotomic polynomials as a covering

module. This approach can be extended to other modules. In fact, for any module
v =¢'(a)

for some d > 1, the use of a “number field” can divide the degree by d for the purposes of calculating
residuals and solving the NTRU equation.

Even if ¢ is not irreducible in Q[z], i.e., if Q[x] /(i) is not actually a field, the general case remains a
problem for further investigation. However, the use of reducible modules in NTRU lattices is generally
not recommended.

While our achievements in memory management are indeed significant, the challenge of effectively
handling large integers remains a prominent concern that warrants continued exploration. From the per-
spective of implementation complexity, the prospect of eliminating large integers, for instance by con-
ducting all operations in the Residue Number System (RNS), without adversely impacting the execution
time and memory requirements of our algorithms, presents an intriguing area for further investigation
and potential optimization. This pursuit holds the promise of streamlining computational processes and
resource utilization, contributing to enhanced efficiency across a spectrum of cryptographic applications.

In addition to addressing the management of large integers, it is imperative to explore potential ap-
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plications of the method proposed in this paper to enhance the efficiency of other encryption algorithms.
Just as we have demonstrated a constructive application of a number field in this work, distinct from the
approach in a previous study, there is merit in investigating a constructive application of lattice track-
ing, as opposed to a different reference. This comparative exploration can shed light on the adaptability
and versatility of our proposed methodology within the broader landscape of encryption and security
protocols.

Furthermore, leveraging the method outlined in this paper to enhance attacks on a specific field or
even on field tracking holds the potential to yield valuable insights, opening up new possibilities for
specialized analysis applications in the realm of cryptography and security. These potential directions
for further exploration underscore the multifaceted implications of the research presented in this paper,
offering promising avenues for continued advancements in cryptographic techniques and their practical
applications. This comprehensive approach to exploring the broader implications of our work sets the
stage for future breakthroughs in the field of cryptography and computational security, paving the way

for innovative solutions and heightened resilience in the face of evolving security challenges.

Conclusion

We presented the use of the norm field to optimize some computations on polynomial loops, especially
the results and solutions of the NTRU equation. The second practical result is that Falcon’s post-quantum
signature algorithm is fully usable on small microcontrollers or even smart cards since 32 KB of RAM are
required to run our algorithm even for a long-term secure NTRU network (degree n = 1024). Enough.:
All operations related to signatures (signature generation, verification, and key pair generation) can be

placed on such limited hardware.
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Public Parameter Creation

A trusted party chooses public parameters (N,p,q,d) with N and p prime,
ged (p, q) =ged (N,q) =1 ,and ¢> (6d+1)p .

Alice ‘ Bob

Key Creation

Choose private f€T (d+1,d) thatis invertible in
R, and R,,.

Choose private g€T' (d, d).

Compute Iy, the inverse of f in 1.

Compute F),, the inverse of f in R,,.

Publish the public key h=F*g.

Encryption
Choose plaintext meR,.
Choose a random r€T (d, d).
Use Alice’s public key h to compute
e=prxh+m (mod q).
Send ciphertext e to Alice.
Decryption
Compute

fre=pgxr+ fxm (mod q)
Centerlift to a€ R and compute

m=F,xa (mod p)

el Gilis zolans ;3 NTRU wilobs (sl yialyly Y Jor

N P Q
Ol ol \PY \ \YA
3 ustin! ol YO Y VYA
YU Cosl YYY Y VYA
NTCRCRN QoY s Yor

NTRU silebs glo ol ¥ Jsor
N p q dy dyg dy
NTRU167:3 \PY v \YA 23 Yo \A
NTRU251:3 Yo Y \YA Qe YY \r
NTRU503:3 QoY v Yor Y\ \Al 00
NTRU167:2 \rY Y \YY Yo Yo \A
NTRU251:2 Yo Y \YY Yo Yo Yy
NTRU503:2 QoY Y Yoy Voo oo 70




OA ACAEA! o)Lo.,.i‘“Y o)BQngoﬁ)lfjo)“AﬂLngﬁ.?

S ¥
ooliel (65135 50 ; w6 (b elal Glgreas [VA] Lawg a5 axius a0 0 Gl )l sloasiin 5l laws NTRU (glaasiie
27 o f 7ol Glalezaiz 90 by aSiie M d>y0 5l PEL[T] Sige slabezaiz S sl wiai b,me NTRUEncrypt

(Sgd o 39050 { ) @ =V} & o )] NTRUERNCrypt ;o) aites (Sos5 b oo slacl § 5 f colpo 098 0 bl @ ae

h:g mod ¢ mod ¢ A

f
Lo Q il sy osSian € 5 B o o a5 53 o Sl (5 y5b [ glalozaiz ool JSET 5 cagas (5 )lake (f SzsS oo S0
S8 dazme salitl 0550 S50 o))l ik (paiz o lagl taies oo 1) 293 60, 8kes sla S5 NTRU slaaSiis s sl
99 2l pogas olS Sl g g f il 51513 a5 ire ool 4 il ol aSiciin d 50 45 W5l 5l ok onl 5l (S ailasd S
10058 o JuoSS 1y 503 NTRU &olas a5 wilay 5 LG g F X0 olieS Sladozais

JG—gF =q .y

610550, b o [V V] Falcon Lasl &b [V o] cusn p e 600850, )b o [YAI NTRUSIEN Laol )b 50 Jlis lgicas
(oaiosls py S 51 Jooly o yolisS i3l .l 5o NTRU lS domy0 Sy 4 [¥] LATTE _lpe alides oo p (sitine
sl olisS 315 855 a4 NTRU Lol slaaSioze (bl s o553 S5 (6ly2 (610 a5 ool drslina  Jlo il o] s (slalinne
5 4 05l NTRU @sles a5 b0 095 so wgmime S adg ol 5l 25w NTRU @sle Jo oo giplt Conl iyl
SIS ot v am o [V7 AL Cloar 6 286 (510 35290 sl 35! im0 slalins A5 Sloges 2 ()] o cony o0
RAM collfe oz a5k (s Jos 5 nl lshoe sl ol 83510 sl i 50 5 as Bz o ) JBla ALl 5 Loy (S

g se onSagad g Sgamme (sbalabs 5| )l ;5 (s3luodky Sl (nl 2 s loj 4l Y 290> 53 Jsene gnals S o a8
B Drpon |y ol Glsiies ) S e iz sad da oS G 0 w5 ads (glwesly (QUlg oS 0,8 Vsl g e
ol LS jas a3 > sl 6,5 Cews il 55 polie olfiws < 3 sogas S (iloas Lol wgas oo olfiws ;5 |, 0llS 55,5 g
ol oo A5 45 e o olitd llie ol o el wgllas (FIPS 140-2 [N 7] o laslil b Jlio olgiear) sl 5 coal (g, el
o3zl lo &y ol oS 03l NTRU &oles o po ailiogege jloamr 3,8kos 4y (oliwd sl labozaiz sladil> )o plae o3 5l
b 09290 slapi o8l 4 S 1) (6550 (4> 5 0loj) (S & emled (Brme Gle o Sliep | iz 02,680 93 b aad o0
Slp ) wlogg o )sXl S Lo o oilr Jpame SO plgeay wms e 4l (O(n/logn) Jslas Gson ey hFacl else
T sz S anzlpe ¥ (isu 4) 000l argi il Seagighioms baglalazaiz 5l (S o5 Sloj slabozraiz last ]y dolxe
NTRU Sdls' 8005 o Lo S o0 dugliio 09250 s0baizlids glaghg, b1y Lo ayazr (ogy Lawgi caslussay (oilre Sz
US| pinns (655 03ll el s (2l 0205 (5lwosly alive la Il 5 (Silwainte b ol 095 doazr o ,o8) 53 g ae (e
9 gy 2z Gy, (= VoY) Jgans & p0 S gl 0gad wil 1) (ilme Jeloigansos a5 w05 pald 1) Lo gy 0 Shas

e b Vo0 Ca e SuLgd o el SIS sl )58l ) 5SS

ooey VY

(Sioy Jedon g oo, ol olael & Ly 1o B9 e wolol )l S el (Soe Yl e (55— gl malol)ly 515,80 Bolaul 4y Lo o ;63!
2l may (shol dsgome 4y 1) ool aSiul 51 8 w0500 Jolol (] po o5 sl asgomayss o (55, 2 Alts (9,5 pgal Jolis o5
S S 50 1y 5 slaplase gy (e Glaieds oS o 4S5 Al glag g lase oz 9925 5l eolazul

Ke/Ke—y/ ... /K /K. =Q

N=Y0 L (s abgypo slolins 5| pumo slasl 5| slbail> a5) Lo sloail> z 0 5« K;=Q[z]/ (z‘i—i—\) Mi ol e a8

Zle)/ (")) 22la)/ (2 +) 2 -22lal/ (2" +1) 2.



Aoz 55 Cualy (pl S s 5 055 g 5l 552 sS Al 55, 2 1, fEL[T]/ (374)) yaie o wilge Gl o 45 il e
00 Jor ot g oo 4LBIS S il K 4 Jilano a5 pl> 00505 oo )5 onlital 3,90 [V ] "ensionsS w5l 2y NTRU”
Sz b hee oy 4 Sl Coadly (00505 sod H118 0sliiul 3550 BT (al 33 & (shez (Jloall 00,5 o ol Al 4 Sy
24 Nieyy o Ny (f) =Niyp(f) sl « FEL S L/K/T o ot 3l g Ko sl 105 o 53 5 loplage
SYobee 53,5 g (sl hage oy 5155 psboas lal Lo ol 1,8 Lo (gl oIl )0 Bl (al (a0 g0 L |y Gl p i NV ()]
0l 45 39 00 pylae Al o (ol 53 el J335 Al po cnl salons iy o Z[T] [ (2" 4Y) (59, p Jeol 9 45 05 g0 08l Z (55,
Zlz]/ (2" 4+)) & pleslaclsz Gals ) n Gl Hlase o5 SlaTig | g 25 J> Olgise Seare ks L 555 21, SYolea
5 Bl (SIS sl 55 4 e a5 s e |y el l Loy sl J,él ol el 55,8 aly Al e ol senS oo ol
30 48 Camdly opl b g coailesdl olael glaaibbe 5l soliwl wbibl> Los awsls caclae aidp oz b o0y9] Cawd 4 3500 O(N) 4550
S s oolil 5 1y 0ls sl s g 0ol dslons NTT L FFT ioles o paie o I8 sloggdjo «SoogighSoms slaplags

S o sl )5 Al L 51y S |y Lo 3luosly s, ol

Jog || f]] ,o YL ol saxasylis B sgzge slo g, UNTRU dolas J> sl bo soa (g, dunlie ¥ Jga

w550l a5 ams o yLis [SS] 5 el ouds solitul 55 o slacl G o sl Karatsuba oo 63 a5 aas o olas [K] S

<l log||g

ol o0 ool yal i Slgiads

Method Time complexity Space complexity
Resultant [18] O(n(n2 + B)) O(n2B)

HNF [26] O(n3B) O(n2B)
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ower.over ((nB)log2(3)logn) [K] O(n(B + logn) log )
(Algorithm 4) O(nB) [SS]
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Algorithm 1 Reducey (f, g, F, G)

Require:  f, g, F,GEZ[x]|/(p)

Ensure: F', G €Z[z]/(¢) such that fG' —gF =fG—gF mod ¢
1: do

5 ke | B

3 (F,G)«(F—kf,G—kg)
4:  while k+#0

5 return F, G




s¥ ACAEA! o)Lo.,.‘b Y 0,99 ngoﬁ)lfjo)“Aﬂ Lgl.m).?.?

F G slaglaezsiz colpo (Jos jo (Gl o adl oo Al oS CEo b k 3 weyaxdy ol jls 1SS L s cl (S
(C sl )l o double pyolie 5l oslinad L Sie) el w80 LK delome ol g il 55 oy e 20lS 51 L3 alsi oo
Slalozraiz glac o o5 ol S o el 3 |, FFT iylas 5l ol oSl ol sl 5l 5 glabozaiz culyd sl i 4 S
il aesos cews |y (ol L) SasS alpd LR Sl g s ke S S5 0 e i s drlone (ol Gl
SalS g5 amads w55 5l e, b sl ya ol Ll ably 28 Cules o &l S il SKoe 3,8 i (5Ll Glus Sl ool
osbige it (F,G) ey
(Solots mos FFT iolas jo 05800 ol 1) @ biloy @ lagglabozaiz oo B dslone o5 oS s 0)L31 1S5 0l &,

WJee 10 (Jo il ams coi ) 00 p e g et jo il pab s Q] 5, @ 5 olmils) ssi oo Jloel gacasgac
soboled B ) 580 el a5 DL Al ol jes 4 |, slaCasdae (O)uia) ol (e by CB0 L oo 8 polae )l eslaul
5 el Joms B ol 4 olfngelS slallas (6, 15550, 0,55 SO (6l 0ulS z95 adg 40 ol amles eols musgs V.0 i 0 &S
S o oo (YY) NTRU dolas o a5 f, g, F, G slaglabozaiz b b, oS oo ool braiz 50 ) 0,65 51 L callia (]

/ / _ ! / _ .
O(Vn) sgu> o (F,G) gy o5 WS oo dmloe sl [, G g B glalazaiz 50 ) (60,650 ¢ cammy é j5boty 3590 00l 5o

NTRU &sleo Jo gl asdlslis )l ay o0 ¥

393 33 e gy (iS5l )8 51 ek ysSI l (V.T) s e Gl NTRU doles Jo (sl 1y savazr 02,550 5 Ubs,y i ol
So Lo V¥ isn 0 0,8 menlys LIV i j0]) 093 by, o9ed 9 A ok il b ogd o ol SeewdS NTRU 308 >
f“"])ls abadl> L 5l Lol oS a8 g S5 02,580l SO WY o )0 5 e oo il 055 Slaalie ulid ]y (S5l o 555!

555 el ) 2955 890 a5 e sl 1) el ¥ i 5 saled 3 S on e

Kb N

oS5 ysbts 08 oy |, F, GEZE] [ (Ppm) wedlss oo 5 sl azsls f, gEZ[T] ) (Ppm) slabozraiz 395G osyie

JG—gF=q A%

Sl ! GEL[Y)/ (Brn) wlsosm s JAZ[Y)/ (Bra) S 2o 135 N(F), N(g) sl a5 o8 00 o
:aS

N(f)G'=N(g)F'=q v
oS wy9lsn ob 4 @dly o ouiS ooliil ) G sla ol blaul sl B, G (sla ol 5l psilys oo 45 ouiS' o0 ool Lo
— _ X
N =11, e 90 =17

Sly s G plp S Lo g 005 (2055 sz [ SIS slagsose ples oy ol susms olas [ =lgeai(L/K) X8(f) o1 10 &
o S 35 g

FPG (aP) —gg* F (a") =q %

G=f*G () s F=g*F (2P) a5 3950 oms 31 Uolan ol 51 ol Z[2]/ (Ppin) 55,5 &l 55 00 K o5

NTRU &oslso J= 6‘)—.’ |) S¢> Lngp.‘;.i”fll Glf C).!o p...;|y6,a Q};Sl Oloslice Q—.‘.‘ )'l Siiwd NTRU sles 6‘}.’ JEGED G.:.Lm&d)
HE ) :Gl)‘

S ooliial S Bl 5 S o (3,5 95 (sl o 51 (D)

WS > 5SS dal> o 1 aolee (11)



£0

Ohse py S8 4 NTRU (slaaSiio wlS adgi w501 (saal)l5 il

s9bts oSk e o ol LS e 1) oo 5 (3955 g Jolpe Lo ] outionss aojl iy NTRU alas 35 1, 5 Jlocnll

P38 ol 4 0 meales LSS gl S

oo S35 Al ye 1y 1 Lot 7 groomo oluel Gl 4y 457 (3o b S o0 po9a jiSzsS Al 05 o 55,1, 19 -

Ao |y opl Lo o co anlsl Lol dal> 4y o, B ,,Se jobas gl 8420 b o sl caws 4 Z jo 1) lacly> a5 5o -

ety L Lol casS o olowl gagp O (V) &5 e 5 L bayT sl JboSs o Lo o ,65 )5 0S¢ So gm0 g b3S o guai
ke Sy sl S5mt el ok 99 3 emtygl Sonsd & 3902 O(11) 51 55,3 oo 51 b 0 o o3lal boyT )55 ci,kis Lol a5 ol
3B 5 e Slee Oy 5> Jo3 5B el oad 4 ) S 50 Lo w58l 9 sl Ul g salex Voo dspe = Vo VY Jsess

ol 00 o0l uL...q ;“M.J) Coww Hghw jO Sgro

Zlz]/ (z"+1) > f9 -  FG
- 4 )
Zlz)/ (z"?+1) > N(f),N(g) — FIU,GN
G 1 0
Zlx)/ (z"/*+1) > N2(f)N%(g) — FP GV
G 1 T
G 1 0

Z > NYf)Ng) — Fl GH

M Jo 61209 ¥ Gl IS 250 N JsCs
RES-X S IPCIRPS | FE VI A

O =" N oy, 555 15ba 5 ol e 9 oS St P= Y L bog 8 0ol plgin =Y L =24 ot o

Dl caws s (Y o ,550) TowerSolverR IS ool b eles 1,55

Algorithm 2 TowerSolverR,, 4 (f, g)

Require: f,g € Z[z]/(z™ + 1) with n a power of two
Ensure: Polynomials F, G such that (2.2) is verified

R AT A S >

—_ = = = =
AT 2

if n =1 then
Compute u,v € Z such that uf —vg = GCD (f,g)
if § = GCD (f,g) is not a divisor of ¢ then
abort
(F,G) + (vq/d,uq/é)
return (F, G)

fre N > 19 F.G € L]/ (z/? + 1)
g < N(g)

(F',G") + TowerSolverR%’q (f'.q)

Feg* (z) F' (2?) > F,GeZ[z]/ (a"+1)

G+ f*(2)G (2?)
Reduce (f, g, F, Q)
return (F, G)
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Extended Abstract

Introduction

The concept of amenability (for discrete groups) originated by J. von Neumann in 1929, as, a discrete
group is amenable if it admits a finitely additive left invariant probability measure. After that formally, it
was introduced for all locally compact groups by M.M. Day. This concept was later extended to Banach
algebras by B. E. Johnson in 1972 and has since grown into a fascinating area of research with applications
in diverse fields, such as abstract harmonic analysis, operator algebras, and ergodic theory. In fact, a
Banach algebra A is said to be amenable if the first cohomology group of A with coefficients in every dual
Banach A-bimodule X* is trivial. This notion has been considered as an important cohomological notion
for Banach algebras by many mathematicians. After that many researchers studied the properties of this
notion and the relation with many other cohomological notions. In 2006 Ghahramani et al. introduced the
concept of approximate amenability as a notion weaker than amenability and improved the results related
to amenability. A Banach algebra A is called approximately amenable if every continuous derivation
from A into every dual Banach A-bimodule is approximately inner. They presented many examples to
indicate that approximate amenability is different from amenability. In 2008, Kaniuth, Lau and Pym
by inspiration of left amenability of F-algebras, was done by Lau [12], introduced ¢-amenability of
Banach algebras. This notion was studied by many authors and it was proved that (-amenability has
a near relation to the existence of a bounded approximate identity for ker ¢. A net (ey) in A is an
approximate identity for A if ||ae, — a|| — a and |leqa — a|| — a, for all a € A. Helemskii in the 1980s
defined biprojective Banach algebras as an important tool in homological notions and investigated any
hereditary properties of this concept, interested readers are referred to his comprehensive book [3]. A
Banach algebra A is called biprojective if there exists a bounded A-bimodule morphism p: A — ARA
such that 74 0 p(a) = a. After that, some other weaker or stronger notions were defined and investigated.
For example, Zhang in 1999 [23] introduced approximate biprojective Banach algebras. Sahami and
Pourabbas in 2014 [22] by inspiration of (-amenability introduced (-biprojective Banach algebras and
studied some properties of this notion. After that extensive research was done on this notion for some
Banach algebras such as group algebras, measure algebras, semigroup algebras and Lipschitz algebras. A
Banach algebra A is called o-biprojective if there exists a continuous module morphism p : A — AR A
such that ¢ o m4 o p(a) = ¢(a), for all a € A, where ¢ is a nonzero bounded multiplicative linear
functional on A. The authors, in [19], introduced the notion of A**-biprojective Banach algebras and
found the relation between this notion with some other cohomological notions. Also, A**-biprojectivity
of certain Banach algebras such as Lipschitz algebras and triangular Banach algebras had been studied. In
this paper, we investigate the relation between A**-biprojectivity and (-amenability. After that we define
the notion of w-A**-biprojective Banach algebras and we obtain the relation between this notion and
some other cohomological notions. Also, we study (- A**-biprojectivity of Banach algebras associated

to a locally compact group.

Conclusion

In this paper, the following definitions are stated:

\Al



Definition 0.1. A Banach algebra A is called biprojective if there exists a bounded A-bimodule morphism
p: A — ARA such that w4 o p(a) = a.

Definition 0.2. A Banach algebra A is called left p-amenable if there exists a bounded net (my,) in A
such that
amq, — p(a)mq — 0, o(my) — 1,

foralla € A.

Definition 0.3. A Banach algebra A is called A**-biprojective if there exists bounded A-module mor-
phism p : A — A™QA* such that for all a € A

a0 pla) = Kka(a).

Definition 0.4. Let A be a Banach algebra and ¢ € A(A). A is called p-A**-biprojective if there exists
anetp: A— A™QA™ such that for all a € A

pomas=opla) = p(a).
Also, the next theorems and corollaries are presented:

Theorem 0.5. Let A be a Banach algebra with a left approximate identity. If A is A**-biprojective, then
A is left p-amenable.

Corollary 0.6. Let G be a locally compact group. If S'(G) is S*(G)**-biprojective, then G is amenable.

Lemma 0.7. Let |I| > 1 be an index set with the smallest element. Then LO(I, A) is not LO(I, A)**-

biprojective.

Theorem 0.8. Let A be a Banach algebra and ¢ € A(A). If A is p-inner amenable and - A**-
biprojective, then A is left and right p-amenable.

Theorem 0.9. Let G be a locally compact group and p € A(LY(G)). The algebra L'(G) is o-L'(G)**-
biprojective if and only if G is amenable.

Theorem 0.10. Let G be a locally compact group and ¢ € A(M(G)). The algebra M (G) is p-M (G)**-
biprojective if and only if G is amenable and discrete.

vy
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Extended Abstract

Introduction

A metric space (X, d) is pointed if it carries a distinguished element or base point e. Let (X, dx) and
(Y, dy ) be metric spaces. Amap f : X — Y is Lipschitz if

L(f) = sup M < 00. (0.1)

rx'eX dx (l’, x/)
oA’

Suppose that (X, d) is a compact pointed metric space. The collection of all Lipschitz functions f : X —
C with f(e) = 0 is called Lipschitz space and is denoted by Lipy(X). The usual norm on Lipy(X) is
defined by (0.1) which gives a Banach space. The little Lipschitz space, lipy(X), is the closed subspace

of Lipy(X) consists of all functions f : X — C such that

_ /

) — )

=0.
d(z,x")—0 d(l‘, l'/)

We say that lip, (X') separates the points of X uniformly if there exists a constant ¢ > 1 such that for
every z,y € X, some f € lipy(X) satisfies L(f) < cand |f(z) — f(y)| = d(z,y). In the general case,
it is possible that lip,(X') does not separate points of X uniformly. For each constant 0 < o < 1 and
metric space (X, d), we denote by X the same set together with the metric d* and call it Holder metric
space. The Holder space, lip,(X“) separates the points of X uniformly.

Let (X, d) be a metric space. A molecule of X is a functionm : X — C which is supported on a finite
set and which satisfies )y m(z) = 0. For 2,y € X define the molecule m., by mzy, = x, — X,

We denote the set of molecules on X by ae(X) and give it the norm

||m”AE inf {Z |al’d xuyz : Zazmxzyl}

and we let AE(X) be the completion of the space of molecules on X.
We examine the condition on the underlying metric space (X, d) which implies that lip,(X%)* =
L' (1) for some measure ;2 on X. Then we conclude that the space of Holder functions on every compact

pointed space is not predual of L!(1).

Conclusion
In this paper, the next theorem and corollary are presented:

Theorem 0.1. Let (X, d) be a compact pointed metric space. The little Lipschitz space, lipy(X) is predual
of L' () and (x o) Mae is an extreme point of the closed unit ball of lipy(X)* for all x € X \ {e} if and
only if for each x,y € X, d(x,y) = d(x, e) + d(e,y).

Corollary 0.2. The space of Holder functions on a compact pointed metric space with at least two distinct
points of base point is not predual of L.

A
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Extended Abstract

Introduction

Let ‘H be a separable Hilbert space. A sequence {f;}7°, in # is a frame for # if there exist constants
0 < A < B < oo such that

AIFIP <KL flP < BIFIP, Vf € H.
=1

If only the right-hand side inequality is required, it is called a Bessel sequence. It is called a tight frame
if there is a constant A > 0 such that

STHL £ = Al
=1

It is called a Parseval frame if A = 1. It is called a frame sequence if it is a frame for its closed linear
span.

Two Bessel sequences { f;}°; and {g;}:°, are called dual frames if

F=Y o fgi=) (fr90fi  VfeH.
i=1 i=1

A sequence { f;}5°, in H is called a Riesz sequence for # if there exist constants 0 < A < B < oo such

that
o0 (e} 2 o0
AY e’ < Hzcz‘fi <BY |al?,
i=1 i=1 i—1

for all {¢;}22, € (*(N), where A and B are called Riesz bounds. It is called a Riesz basis for H if
span{ fi}2, = H.
If {f;}5°, is a Riesz basis, it is well known that { f;}7°, has a unique dual Riesz basis. In the other

words, there exists a unique Riesz basis { fZ 1 such that

(fi, f) = 6i5, i,j€N.

If { f;}3°, has Riesz bounds A, B, then the dual Riesz sequence has bounds +, %.

Frames in Hilbert spaces were introduced by Duffin and Schaeffer [0] in 1952, when they were study-
ing some problems in nonharmonic Fourier series. Frames were popularized after the work of Daubechies,
Grossmann and Meyer [ 5] where the theory of frames was related to wavelets and Gabor systems. Indeed,
after this work, frames were studied widely and deeply, particularly in the more specialized context of
wavelet frames and Gabor frames, which are two key tools in signal processing, image processing, data
compression, and sampling.

Let g be a function in L?(R) and a, b be two positive constants. The collection { E,yT1ag }m nez
where B, f(x) = ™™ f(2) and Tpo f(x2) = f(x — na) is called a Gabor frame in L?(R) if it is a
frame for the Hilbert space L?(R).

Gabor frames, introduced by D. Gabor in 1946, have been extensively studied. One of the most
important results for Gabor frames is the Ron-Shen duality principle that precisely characterizes Gabor
frames. It states that for every ¢ € L2(R) and a,b > 0 with ab < 1, {EmbThag}mnez is a frame with
bounds A, B for L?(R) if and only if {\/%E%T% 9}m.nez 1s a Riesz sequence with bounds A, B.
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For generalization of the duality principle from Gabor frames to abstract frame theory, the concept
of R-duality with respect to orthonormal bases is defined as follows:
Let (e;)jen and (h;);en be orthonormal bases for a separable Hilbert space 7. Let (f;);cn be a sequence
such that for every j € N, .. [(fi, €j)]? < oo and

w{ = Z(fiaej>hi-

1€EN

The sequence (w]f )jen is called the R-dual sequence of ( f;);en with respect to (e;)jen and (h;)ien.
The R-duality with respect to orthonormal bases is discussed in several papers. In this paper, first, we
consider the concept of R-duality with respect to Riesz bases. In particular, for the Bessel sequences, we
define the concept of R-duality concerning Riesz bases using an anti-linear map. Using this anti-linear
map, we give characterizations of frames and Riesz bases. Also, we give characterizations of frames and
Riesz bases in terms of their R-dual sequences with respect to Riesz bases. We show the relation of the
R-dual sequence of the sum of Bessel sequences and the sum of the R-dual sequence with respect to Riesz
bases. Also, we give some characterizations for sums of frames and sums of Riesz bases. In addition, we

generalize some of the results in [2].

Conclusion
The main results of this paper are:

Definition 0.1. Let (f;);cr be a Bessel sequence for H and (h;);c1 be a Riesz basis. Define the anti-linear
operator M : H — H by

M(f)y =" (i, [ 0.3)
i€l
M is a well-defined and bounded anti-linear operator on H. Its adjoint M* is an anti-linear operator
and
M*f =) (b f)fi
el
Theorem 0.2. Let (e;)jcr and (h;)ic1 be Riesz bases for H, (f;)ic1 be asequencesuchthat ¥, |(fi, e;)|* <
oo for every j € I and (wjf)je] be the R-dual sequence of (f;)icr with respect to (ej)jcr and (h;)icr.
Then (f;)icr is a frame in H if and only if(wf)je[ is a Riesz sequence in H.

Theorem 0.3. Let (e;)jcr and (h;)ic1 be Riesz bases for H, (f;)ic1 be asequence suchthaty_,; |(fi, e;)|* <
oo for every j € I and (w]f)je[ be the R-dual sequence of (f;)icr with respect to (ej);cr and (h;)ier.

Then, the following statements are equivalent:
1. (fi)ier is a Riesz basis in H.
2. (wjf)je[ is a Riesz basis in H.

Proposition 0.4. Let (f;)icr and (g;)ic1 be Bessel sequences for H and (w]f )jer and (w? )jer be the R-

dual sequences of (f;)icr and (g;)ic1 with respect to Riesz bases (ej)jcr and (h;)ic1, respectively. Then
(w}c + w]g-)jej is the R-dual sequence of (f; + gi)icr with respect to Riesz bases (e;) jer and (h;)icy.

N



Corollary 0.5. With the assumptions of Proposition 0.4,
1. (fi + gi)ieq is a frame if and only if(w{ + w]g-)jej is a Riesz sequence.
2. (fi + gi)icr is a Riesz basis if and only if(wf + U)Jg-)jej is a Riesz basis.

Example 0.6. Let H be a separable Hilbert space and let {e;}5° | be an orthonormal basis for H. Define
T :H — H as follows:

2€j, j = Qk,
T(ej) = ,
ej, J=2k+1

1t is easy to see that for each x € ‘H

]l < [T < 2][[]. 0.4)

Also, span{T(e;)}ier = H. Thus, {fi}icr = {T'(e;) }icr is a Riesz basis for H.

Consider the following Riesz bases:

{zitier = {e1,3e2, €3, €4, ...},
and
{hitier = {2e1, €2, €3, €4, ...}
A simple calculation implies that the R-dual of { f;}ic1 with respect to {z; }icr and {h;}icr is
{(A}Jf}jej = {2ey, 6eg, €3, 2¢e4, €5, 2¢4, €7, 2€3, ...},
which is a Riesz basis for H.

Lemma 0.7. Let (f;)icr be a Bessel sequence for H with the synthesis operator Ty. Let (wjf )jer be the
R-dual of (f;)ier with respect to Riesz bases (e;)icr and (h;)icr. Then h € (span{wf c je It ifand
only if ((hs, h))ier € kerTy.

Proposition 0.8. Let (f;)ic; be a frame sequence for H, (e;);cr be a Riesz basis and (h;);c; be an
orthonormal basis for H. Let ((U]f)jej be the R-dual of (f;)ic1 with respect to Riesz bases (e;);cr and

(hj)jer. Then (wjf)jej is a frame sequence for H.

Proposition 0.9. Let (f;)icr be a Bessel sequence with bound Ay and frame operator Sy and M be
defined as (0.3). Let (e;)icr and (hi)icr be Riesz bases for H. Then the following statements hold.

1. If (e;)icr is an orthonormal basis for H and S,, is the frame operator of(w]f)je], then MM* = S,,,.

2. If (h;)ier is an orthonormal basis for H, then
(a) M*M = Sf.

2
(®) “Zjejaijw;“ =Y ier (f, fi) | where f = > jer aje;.
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Extended Abstract

Introduction

Hilbert space frames were originally introduced by Duffin and Schaeffer to deal with some problems
in non-harmonic Fourier analysis [9], [8]. Frames can be viewed as redundant bases which are gener-
alizations of Riesz bases [2], [4], [6], [1], [12],[14]. This redundancy property sometimes is extremely
important in some applications such as signal and image processing, data compression, and sampling
theory.

In recent years, in [13], Kutyniok et al. introduced scalable frames and provided characterizations
for them. Here, we extended this concept to g-frames and applied some of their results to g-frames. We
also consider the Paley-Wiener perturbation of g-frames and obtain some results for scaling operators
that preserve the g-frame property. Moreover, we achieve some results regarding preserving the g-frame
property of a g-frame and its Paley Wiener perturbations.

We recover by the formula

F=STS() =D AL BST =D (A ST ST, (f € H).

jed jeJ

It follows that {.S —2 fj}jes is a Parseval frame. This requires inverting the frame operator which might
be difficult.
Since a frame is A—tightifand only if Sf = Af forall f € H, Parseval frames are the most desirable

since S = I. So we want to alter a frame in a simple manner to make it Parseval.

Conclusion
In this paper, the following definitions and results are stated:

Definition 0.1. A g-frame A = {\; € B(H,H;) : j € J} for H with respect to {H; : j € J} is
scalable, if there exist scalars ¢; > 0, j € J, such that {c;A; € B(H,H;) : j € J} is a Parseval
g-frame. If, in addition, c; > O, for all j € J, then A = {A; € B(H,H;) : j € J} is said to be
positively scalable. If there exists d > 0, such that c; > 9, forall j € J, then {A; € B(H,H;) : j € J}

is referred to as strictly scalable.

Remark 0.2. We note that we can define scalability for every sequence {x; : i € I} and also for scaling
constants {c; : i € 1} C C, but in frame theory we deal with frames and try to get a reconstruction

Sformula. Also since for every sequence C = {c; : i € I} CC
Sc(z) = S¢|(z),

foreach x € H, then {c;x; : i € I} is a frame (Parseval frame) if and only if {|c;|x; : i € I} is a frame

(Parseval frame). Hence we consider c¢; > 0 for each i € I.

Proposition 0.3. Let A = {A; € B(H,Hj) : j € J} be a g-frame with frame operator Sy, analysis
operator Ty, {¢;}jc; C RT and T = {¢jA; € B(H, H;) : j € J}. Then the following conditions are

equivalent:



(1) T is a g-frame.
(i4) ranTy C domD. and D|,anry is ICR.

Moreover, in this case, the g-frame operator of the g-frame 1 is given by
Sr =TaD.D T},
where T\ D, denotes the closure of the operator T\ D,.

Proposition 0.4. Let A = {A; € B(H, H;) : j € J} beag-framefor H. Then' = {c;A; € B(H, H;) :
j € J}is a g-frame if and only if D‘ranTl’{ is a bounded 1C R-operator.

Proposition 0.5. Let A = {A; € B(H, H;) : j € J} be a g-frame with frame operator Sy and analysis

operator Ty . Consequently, the following conditions are equivalent:

(i) A is (positively, strictly) scalable.

(ii) There exists a non-negative (positive, strictly positive, respectively) diagonal operator D in ®jc jH;
such that
TAD(DT)) = Iy.

We provide a highly useful implication of Proposition 2.2, which shows that scalability is stable under

unitary transformations.

Corollary 0.6. Let H and K be Hilbert spaces, A = {A; € B(H,H;) : j € J} be a g-frame and
U € B(K, H) be an isomorphism, i.e., UU* = Iy and U*U = Ik. Then A is scalable if and only if
AU ={A\,;U € B(K, Hj) : j € J} is scalable

Definition 0.7. Let {x;: i € I} C H be a frame for H. We say that {x; : i € I} is a piecewise scalable
frame if there exist orthogonal projections P, ..., P,, on H, which are mutually orthogonal, Z;ﬂ:l P=1
and scaling constants {a},...,a" : i € I} C R2% such that {a} Pi(z;) + ... + a* Py (x;) i € I} isa

Parseval frame. Sometimes we call it P-piecewise, if P := { Py, ..., Py }.

Throughout the paper, for every j € [m], we take H; = P;(H). Note that the scalable frames are
piecewise scalable. It is not difficult to find piecewise scalable frames which are not scalable. For more

details, see [4].

Theorem 0.8. X = {x; : i € I} C H is piecewise scalable with orthogonal projections P, ..., P, and
scaling constants {ag cie 1,j € [ml}ifand only if {Pjx; : i € I} is a scalable frame for H; with
scaling constants {a? 21 € I}, for each j € [m] and for every x € H,

Z Z kRe [(z, Pjz;)(x, Pyx;)]) = 0.
i€l k#j,k,j=1

Corollary 0.9. Let X = {x; : i € I} be a piecewise scalable frame with projections P, ..., Py,. Then
the sequence { Pjx; - i € 1,j € [m]} is a scalable frame for H.

Proposition 0.10. Let X = {x; : i € 1} be aframefor H. If there exist orthogonal projections P, ..., P,
on H which are mutually orthogonal Zje[m] P; = I and a partition P = {01, 09, ...,0n} of I such that
{Pjz; : i € 0} is a scalable frame for H;, for each j € [m|, then X is piecewise scalable.

\o¥



Theorem 0.11. Let {x; : i € I} C H be a frame for H and P;j be an orthogonal projection on H for
each j € [m| with 377" | P; = I. Then the following statements are equivalent:

(1) {z; : i € I} is a piecewise scalable frame for H with scaling constants {a},a?,...,al™ : i € I}.

(2) D o1<kzj<m Ly DeDjT; = 0, where Dj is a diagonal operator on {>(I) with diagonal elements
{al i € I} for each j € [m].

Theorem 0.12. Let H and K be two separable Hilbert spaces. Then X = {x; : i € 1} is a piecewise
scalable frame for H if and only if UX = {Ux; : i € I} is a piecewise scalable frame for K, for every
unitary operator U : H — K.

Proposition 0.13. Let X = {z; : i € I} be a frame for finite-dimensional Hilbert space H. If X is

piecewise scalable with orthogonal projections Py, ..., Py, on H and scaling constants {a}, a3, ...,a™ :
i € I}, then
dimH = Z dimH; = Z Z (1P () ||
j€lm] i€l
Proposition 0.14. Let x = {x; : i € I} be a piecewise scalable unit norm frame for a finite dimen-
sional Hilbert space H with orthogonal projections Py, ..., P, and scaling constants {az, 12, cnalt

i € I}. Then ‘
(i) Yiermin{(af)? : j € [m]} < dim(H),
(id) dim(H) <> ,c; max{(al)?: j € [m]}.

Theorem 0.15. Let x = {x; : i € I} C H be a frame for H and {y; : j € J} be an A-tight frame for

K. Then, X is a piecewise scalable frame for H with orthogonal projections Py, ..., P, and constants
{a},...,a" i € I} ifand only if {x; @ y; i € 1,7 € J} is a piecewise Scalableframefor H ® K with
orthogonal projections P1 =P ®Ig,.., P,/n = P, ® Ik and constants {ﬁ iy A al :i eI}

Corollary 0.16. Let {x; : i € I} be a \-tight frame for H. Then {y; : j € J} is a piecewise scalable
frame for K with orthogonal projections Q1, ..., Qm and constants {bjl, b€ J} if and only
if{z; ®y; i € I,j € J} is a piecewise scalable frame for H ® K with orthogonal projections

Iy ®@Q1, ..., Iy ® Qp, and constants {\}bjl,. ,\}b;” jeJ}
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Extended Abstract

Introduction

C*-dynamical systems are introduced and studied as a generalization of classical dynamical systems.
In particular, ergodic theory as an approach with analysis taste to dynamical systems is studied in the
framework of C'*-dynamical systems [1—4, 7, 8, 11].

The concepts like invariant measures [ 18], Birkhoff ergodic theorem [5] and von-Neumann ergodic
theorem [16, 17] are formulated and studied for C*-dynamical systems. Also, there are some other
concepts such as the entropy, in classical dynamical systems [4, 19], which are extended to C*-dynamical
systems. They generalize the corresponding concepts in the classical case.

In the classical ergodic theory for dynamical systems, invariant and ergodic measures play very im-
portant roles. These measures are applied in the formulation of ergodic theorems [5, 16—18], the intro-
duction of entropy [4, 19] and pressure [13, 19, 21] for dynamical systems. They are also applied in the
thermodynamic formalism of dynamical systems [14].

In the theory of C*-dynamical systems, the concepts of state and invariant state correspond to prob-
ability and invariant measures for classical dynamical systems. They are applied to define the entropy of
a C*-dynamical system [6].

In this paper, the concept of ergodic state is given and then, using the concept of a lift map, the

structure of invariant states is studied and connected to ergodic states.

Conclusion
In this paper, the following definitions and results are applied. One may see [ 1 0] for more discussions.

Definition 0.1. Let A be a C*-algebra with the unit element 1 € A. For a € A, the spectrum of a is
defined by
spec(a) :=={A € C: X-1—a isnot invertible}.

The spectral radius of a is also defined by
r(a) = sup{|A| : X € spec(a)}.
Theorem 0.2. We have the following properties:
1. If Ais a unital C*-algebra, then for any a € A, the set spec(a) is non-empty and compact.
2. Foreverya € A, we have r(a) < ||a||. Indeed
r(a) = lim [la"||".
3. If a* = a, then r(a) = ||al|.

Definition 0.3. Let A and B be two C*-algebras on C. The set of all non-zero homomorphisms ¢ : A —
B is denoted by Hom(A, B). Recall that ¢ : A — B is a homomorphism if

1. ¢ is linear.



2. Ya,be A : ¢(ab) = ¢(a)p(b).

Additionally, if $(a*) = ¢(a)*, then ¢ is called a x-homomorphism. Finally, if B = C, then we write
Q(A) = Hom(A,C).

Remark 0.4. If A and B are two C*-algebras and p : A — B is a x-homomorphism, then ||p|| < 1, that
is ||p(a)|| < ||all, for all a € A.

Remark 0.5. Let A be a commutative unital C*-algebra and ¢ € Q(A). Then,
1. Ya € A, ¢(a) € spec(a).
2. [|ol] = 1.
3. Ya € A ¢(a*) = ¢(a).

Let A* be the dual of A, equipped by weak-star topology. Then, 2(A) C A*. In this case, we have
the following proposition.

Proposition 0.6. If A is a commutative unital C*-algebra, then Q)(A) is compact in weak-star topology
on the unit ball of A*.

Lemma 0.7. Let a € A. The evaluation map a : Q(A) — C defined by a(¢) := ¢(a) is continuous with
the range spec(a).

Theorem 0.8. Let A be a commutative unital C*-algebra. Then, the map ® : A — C(Q(A)) defined by
®(a) := a is an isometric *-isomorphism from A to C(Q(A)). In other words, A = C(Q(A)).
C*-dynamical systems and invariant and ergodic states

In this section, invariant and ergodic states for a C*-dynamical system are introduced and the structure
of these sets is studied.

Definition 0.9. Let A be a C*-algebra on C. By a C*-dynamical system on A, wemeanamap o : A — A
such that,

1. «ais linear.
2. Forevery a € A, we have a(a*) = a(a)*.
3. Forevery a,b € A, we have a(ab) = a(a)a(b).
Definition 0.10. Let A be a C*-algebra on C. A function w : A — C is called a state, if
1. wis linear.
2. wis positive, i.e., for every a € A we have w(aa*) > 0.
3. ||lwllop = 1, where || - ||op is the operator norm of w.
The collection of all of states on a C*-algebra A is denoted by S(A).

Definition 0.11. Let o : A — A be a C*-dynamical system. A state w : A — C is called a-invariant if

w o o = w. The collection of all a-invariant states is denoted by S(A, a).

AT



Remark 0.12. Let A* be the dual of the C*-algebra A. Then S(A) and S(A, ) are weak™ compact
convex subsets of the unit ball of A*.

Definition 0.13. An a-invariant state w is called a-ergodic, if for any a € A, the relation a(a) = a

implies a = ¢, where c is a constant.

The collection of all a-ergodic states is denoted by S, (A, ). Itis obvious that, Se(A, o) C S(A,a) C
S(A).
We have the following theorem.

Theorem 0.14. Let w € S(A). Then, there exists a unique positive probability measure p,, on Borel
subsets of QU(A) such that

mm:/ gdie, Vg€ CQA)).
Q(A)

Corollary 0.15. The map I : S(A) — M;(Q(A)) defined by I(w) := p, is affine and bijective. So,
there is a one-to-one correspondence between the elements of S(A) and M1(2(A)).

Definition 0.16. Let ® : A — C(Q2(A)) be the isomorphism as in Theorem 0.8. For a C*-dynamical
system o : A — A, the lift map & : C(Q(A)) — C(Q(A)) is defined by & := ® oo 1,

Definition 0.17. Let o : A — A be a C*-dynamical system and & be the corresponding lift map. The
collection of all probability measures (1 on Borel o-algebra of Q(A) such that

| alodn= [ gdu vge )
Q(A) Q(A)
is denoted by M(A,&). Also, the collection of all measures jn € M (A, &) such that, given any g €
C(2(A)), the equality &(g) = g implies g = ¢, j.a.e, where c is a constant, is denoted by E(A, &).
Lemma 0.18. 1. w e S(A,«)ifand only if u, € M(A,&).

2. we S(A, ) ifand only if n, € E(A, &).

Note that, applying the proof of Theorem 6.10 in [20], one may easily see that, the set of extreme
points of M (A, @) is E(A, &). We have the following theorem for the states.

Theorem 0.19. The set of extreme points of S(A, «) is Se(A, av).

Theorem 0.20. (Choquet) Suppose that Y is a compact convex metrizable subset of a locally convex
space E, and that xo € Y. Then there exists a probability measure T on'Y which represents xy and is
supported by the extreme points of Y, i.e., ®(xg) = fY ®dr for every continuous linear functional ® on
E, and t(ext(Y)) = 1.

See [§] for a proof of Choquet’s theorem.
The following result is a direct consequence of Choquet’s theorem [&].

Corollary 0.21. For any w € S(A, ), there exists a unique probability measure o on Borel sets of
S(A, a) such that o(S.(A, o)) = 1 and

/Q(A) felp = /Se(A,a) </Q fd#u) do(v).

\YY



[=] ¥ [m] o 5,5 9 031wl sl (\
F 3 VVASIYA o o) oles oY ajp Vot L (w (\
E -

Spolizd (slaolKins-C" (gl 10851 5 bl slocdls sl

JECTCIRVEN

mrnekoufar@iauandimeshk. ac.ir :asbbl, .ol ! « Sl ¢ godwl ol olKiils «Sion il axlg ¢ 5l 09,5 .Y

ouuSy Wlio e

:allio g4
Ry Al

Vo YNNY iedl o & ,b

Vo ¥IVINY 16,5550 &b

VFo XIS i pdy b

Lyblie Sooss )l g L locdl (Spme 4y allas ol 5o Vo IO +yLil g b
acgozme (pl sl g asls,y Salus ofws-C* S

S b bl YL psgde 5L (nl Sl praledon asdllas |, igols lols

o les oo ool  Saliys olStws-C™ (Salins oKws-C*

(Saalizs olSws-C" S L jblis YL

L

S0 2l

(0l e,
37A35

DY o) 5 o5l gl - Senliss glaolSiws-C* gl K055 5 Ll slacdls sl (VFoX) ame 3555 bl
AY4-1Y4
http://doi.org/10.22091/maa.2024.10781.1020

o olBasls 1 bl
L@mu) @ OBy ©

\YY



\“f \fov‘\ o)Lo.,.'b‘Y o)5dngoﬁ)l55o)“Aj|6Lmﬁ:.>

doddo )

JOVV A eV eF =0T wilais 3 )18 aalllas 050 g oo (8 me SwodS  Saliss sloolSiins I onend (lgicas Sl sloolKiws-C*
a2 950 5 (Sealind slooliws-C oz jla o ¢ Salns sloolSiws 4 LT pab b (60 805, plyieds Su055 )1 &y ks ol5 jgloa,
Sealins sloolKiws ~C* sl [V OV F] o 092 5 [0] Gg5 10 K068l sblias o [VAD LL 8510t aiile opmlie ilazs 5 )13
Seels laolKiws -CF gl 55 14 F] Salus sloolfiws og,5] aile covnlio wgdleds ilaid 5 15 aslllas 5,90 55
B,k e o Seelus slaolKiws &5k )0 lap,T b blite peslie 51 cowesd udlio opl lazs 5 )13 anlllan 550 g oo iy a5
@anse,d 5o Wojlail pl aiS o (63 (oot Hlmn LR S5l 9 Ll (slaejlail o (Seelins slreliws (gl SHos8,1 SdlS
Seelizdge i sand g0 iz s [V V4 NV Sysglsss a5 114 F] 55T poede (8 yme <[VA=NF 0] o581 (slLass
bblie LL slacdl 5 el pogin o Sunlins barolfiws-C* &k 15 aisS oo 63k ootee i [V F] (Salis (slaolSins
[Pl el a8 5 15 anlllas o550 g oo (5 yme  Scalins olStws-C* o gg,5T potie )] oS g oo (30 LL (sl
Soog )l slacdlo L bl bLsl g L slacdls degoome Lidbo pVL Bl SGS 44 o So095 ) Sl pogie (Brne od callie (5o
oedse )8 anlllas 550 1,

P PREPIPOVATPI |

P) el C » ,?—C* &,A llie oyl r:Lo,‘; 4O .M)‘Iaﬁ‘ﬁ,a Ao cpl Ho oolawl 5,50 ‘S)l.a.u.a MLM 6);“3[%.5 e 4 yhdu ol e

DS axxl e [F] g po @ olgs oo (it o) Sledie pudlie 8,90 0 5 hake Cou (s sl ciS3b Joe leax t A — A

Slewlolea aba €A o 6lyaib) €Ausly aclC ,,o-C" SGA S o5 )Y Gy
Spec(a) :={ € C| cess piugsls AN —a}.

Sleml ole 55 a b glad
r(a) := sup{|\| | A € Spec(a)}.

2518 25 ely>

T sl axly slylo p-CF S A 51 VY anad
sl 03,18 g b Spec(a) @ € A sl
r(a) <|la|]| msa € A 2 ilp X
r(a) =|lal]] &1 =a* 51'¥

Hom(A,B) L1, : A = B jiopé slagasd ogon 45 degorme ai2l C  glo,-C" By A 05 65 Y.Y iy yu
0552 ol o i yagan o1, 01 A = B oS mugdiso jslol e e sales

il s\
p(ab) = o(a)p(b) qwuil axslsa,b € A o sl X
prgise o1 B = € S1icules )0 oo e ogen—ic Sy 1, @ olSST (@) = p(a)" 51 odlea,
Q(A) = Hom(A,C).
i [|0]] <V oS bl st yogank o0t A = B goog yrCF s B3 A 51 £X 5&

VacA:  lgl| <llall.



\Yo Saolins loolKiws-C™ sl Suog8 )l 5 LL slacl> sl

o1 0 € QA) 5009 0 5 ol ;O A o5 55 BY &
Ya e A: p(a) € Spec(a) \
flell =V X

Yae A: p(a*) =¢(a) ¥

w25 805 2l cnl 3 s Q(A) C A™ 50l o il ojliamdions Shsdns 4 oo A (590 AT (5 53
el 03,88 AT 32y 655 3 0jliecinns Sl 4 o 2(A) oKT wil oS sbals O S5 A ST LY o)l
<l Spec(a) ol s, g cosl atmgs A(@) = p(a) dalo La : Q(A) = C oo luie cslls @ € A oS o3 VY o
&b Oygo nl 0wl 0S5 plealr ;- CF S A oS o8 AT ands
d:A— C(QA) : a—a

A= C(QA)) Koo lear ol C(U(A)) 2 A §I sk s ysosih* S

9095, 5 bl el g (Saoliyo solSiws-C* Y
o2 o0, )8 aslllas 550 | e gasme cpl JLSlu 5 00,5 (B8 xe ( Soliso uSLMli;-“"‘C* Sl ly Soss )l g Lb el iou cpl o

sgaucwlat A — A sl b Ay Seolus olfiws-C* S5l jolane wib C oy p-CF G A o5 0,8 VY G
a8

Lol ot N
afa*) =aa)” wlba €A sy X
a(ab) = a(a)a(b) mlsa,be A ol X
o550 el el ol G hw A = Culb sl C oy, -CF KA S o8 VY G
Lol ot w
ol atilo @ € A o gl s il cuiow N

w(aa™) > o

el ot Sals S lyier w e ploa [ |[op o 0 &5 |wllop =V ¥
S oo Giales S(A) sl b1, A ;O slacdl> &5 51 JSice degame

ails o5 ;8 gl o Lb-a S w t A = C clls aslb Swlus oKiws-C* St A = A s o3 YV @
oS oo sialed S(A, @) sl b1, Lb-ar slacdl> &S degomme W O O = W audly

5 A ol cind il 38,5 s o Lol A% o usly 6oF Bar gasb A p-CF (g0 A" 5 53 F¥ s&
oS Cel g ooty Cal 00,88 ol cind Sislinsl & S Bar 0oy 655 BYI-2UL 28 4 4z L

S(A,a),S(A) C By«

i 5 00 588 Azl 0 9 diied Bgx 3l pdme 5 des sloacgazo ) S(A,a) 5S(A) aS w0 el oo (Solwa



\“9 \fov‘\ o)La.&‘Y o)5dngoﬁ)l55o)“Aj|6Lm)¢:.>

Sl @ = cte oS @ Ko amsa(a) = a i, @ € A lp ol o el SoosS Fa w sbb-a cdl> DY Gy ya5
oS oo ialed Se(A, @) sl b1y o5 ) slacdl> 815 ) JSiaiie degasmo

AASGA):JQQ)‘AJ‘&:AP—C* fu.]l};bdu)_’)aﬂa&
a5 SlaisSa conl 09290 QLU A) Uy 120 3 o LS Jleiz! o 5303l & y90 opl o w € S(A) puiS o8 SV anad

Ve C(QA):  glw) = /Q s

Conl gy S (o0 i35 Ly (9) 1= g(w) &y90a 1) Ly 1 C(Q(A)) = C s Sl w € S(A) oS (o5
odlea § ol ot Ly oS

1 Lullop = sup [Lu(9)] = sup |g(w)| < V.
lgll=\ lall=\

o9t 720 p fly SESs 85181 ey Giales 80a8 3ok (951 Loy € (C(2(A)))" ammaisys 5 ol a8 6, 8kee Ly cnlple

v eC@A):  gw) = Lulg) = /Q s

O ol Saite (Sloslasl iy aiys g Ly (g) > 0 olTg > 0 5145 el (g,

bl Ay LS S cnlply ool (pgmsd 9 bl W >y Bals LT 1 S(A) — My (Q(A)) calss VY ams
ol e M (QA)) st S(A) ot o

b w,w € S(A) pya € A e ly ol
(Aw + (Ly)w')(a) = Aw(a) + (Y = Nw'(a)

Jolas joba |

[ i = [ adu 0= [ adpr = [ adO + (= V)
Q(A) Q(A) Q(A) Q(A)

4 a3 oo o (398 A,
Pxwt(v—ayw! = M + (Y = A)
ol 39290 4 € A jaze dTw # W sw, W' € S(A) 5145 |z ol Sy T opdleas ans oo lis 1) I oy bl a8
Jow F 22555 5 o4y @i # [o 4y @b o w(a) # w(a')  slagse,
O] el @ = C(QA)) olog 5l comiitons s 55 1 olog

i A= A (Sealiys olSins -OF (gl BLAY 40 & gy pudygagnl @ 0 A = C(Q(A)) a5 08 AV Gy
S oo i y15 gt |, 0 C(Q(A)) — C(Q(A)) YL el

a=®oaqod ).

LS 5l St degame ol ol bl YL culss a 5 009 Saolns oKws-C* o 1 A = A uus o AY Gy
oS oot cnl b Bogaeay) = [0 V] Jlasl glaojll

VgEC(Q))i/ 8é(g)duz/ gdp
Q(A) 0(A)

ial, g € C(QA)) o wly o] o a5 11 € M(A, Q) cliacl 45 degame wpdet mups oo Lol M (A, ) olai b
eddee Sales B(A, @) sls L), C(Q(A)) 159 0 Lo sl clig = coansanzia (9) = g



\YY Saolins loolKiws-C™ sl Suog8 )l 5 LL slacl> sl

el w € S(A) 1o sl e Vo ¥ axus
COQANH ) = L ()
il oS5T
/ gdpy = g(w)
Q(4)

g anlys 155 55 C(UA)) 2 g splS 5 pigesladl &b yo sl
Jw € M(A, Q) 81 s slw e S(A,a) N MY

L € B(A,Q) 51w s Slw € Se(A,a) X
S w0yl e oz 0 €A yaie g € C(QUA)) 05 (2 epdles w € S(A, ) 05 (25 ol

Syge 2l 2 g = a = ®(a)

~

/| L @ = i FICOIE /| |, Blela)d = /| @

—

= a@)(w) = (woa)(a) = wla) = a(w) = | e

Huw € M(A’a) ol
o 0@ € A b sl iy € M(A, Q) 05 55 oS

[ & @dna = [ adn,

| a @@, = [ ad,
Q(A) QA)

Jolas jsboer b

42!.‘53_3)‘)5

(wo)(a) = ala)w)= | a@din= [ Blaa))du,
Q(4) Q(A)
= [ E@@n = [ adi = o).
Q(A) Q(A)

weE (A a) mwoa=w Koo e

spbla €A ga a (9) = g 5wl slugsa g € C(Q(A)) wsS 5,8 odleas W € Se(A, ) 05 58 .Y
oz Jo aa) = al;ad VN (g) = @7V(g) a4y s Pa® TV (g) = g o 4 = Ba) = g & 0K
0> S 1 o3l SLST Wy, (30,8 Se b Sy € (A, Q) il aen Uy iy Conl coli @ = g G w € Se(A, )
[ D g0 Lol 5
ext(M(A, @) = B(A, Q) a5 ols ylis olsise Soloas [T0] ampo po Vo aniad clsl by, oS & N YY azeuss

el Y ol 6l 5 5 a8
ext(S(A, ) = Se(A, @) mls VY aas
O el 3 WY gL S(A) = My(Q(A)) cislss og il s amgs b oS> L]

il 0 e €Y 5 il B Coss budge 5Liab | ame 33yeSs e 8,88 degame ) o Y oS 5,8 (a5s0 &oa8) N FY anas

W”)‘QE > @ u;la.> g_iuL:)A 6‘]) so'(ext(Y)) = \ as 6‘4.:;4.4 | O?}AY J)}J 6[.04.954.7(4);));0' JLA:\}‘ 3)‘.»‘ u_))s.o
D(x.) = [} Pdo



\Y/\ \Y°\~a\ o)La.&‘Y o)5a‘Lmoﬁ)155a)'|\.\J|6Lmﬁ_.>

a5 GligSay conl 39350 S(A, @) g degome ) » 0 Ji>ls5lailaw € S(A, @) o slp NOY axs
oyl [ Q(A) = R ool by sl 5 0(Se(4,a)) =

| rdna= [ ( Sduv> do(v).
Q(A) «(A,a) Q(A)

P (w) = fQ(A)fde lbob®: F— C s Sub Y = S(A4,0) B = A" 4, aSes 088 candls oLl
O oo S 8 el Jlogl,S s f ] e as

References

[1] Abadie, B., & Dykema, K. (2009). Unique ergodicity of free shifts and some other automorphisms
of C*-algebras. J. Operator Theory, 61, 279-294,

[2] Accardi, L., & Mukhamedov, F. (2009). A note on noncommutative unique ergodicity and weighted
means. Linear Algebra Appl, 430, 782—790. DOI: https://doi.org/10.1016/j.1laa.2008.09.
029.

[3] Austin, T., Eisner, T., & Tao, T. (2011). Nonconventional ergodic averages and multiple recurrence
for von Neumann dynamical systems. Pacific J. Math, 250, 1-60. DOI: https://doi.org/10.
2140/pjm.2011.250.1.

[4] Beyers, C., Duvenhage, R., & Stroh, A. (2010). The Szemeredi property in ergodic W*-dynamical
systems. J. Operator Theory, 64, 35-67.

[5] Birkhoff, G.D. (1931). Proof of the ergodic theorem. Proc. Natl. Acad. Sci, 17, 656—660. DOI:
https://doi.org/10.1073/pnas.17.2.656.

[6] Connes, A., Narnhofer, H., & Thirring, W. (1987). Dynamical entropy of C*-Algebras and von
Neumann algebras. Commun. Math. Phys, 112, 691-719. DOI: https://doi.org/10.1007/
BF01225381.

[7] Fidaleo, F. (2009). An ergodic theorem for quantum diagonal measures. Infin. Dimens. Anal. Quan-
tum Probab. Relat. Top, 12,307-320. DOI: https://doi.org/10.1142/50219025709003665.

[8] Fidaleo, F. (2009). On strong ergodic properties of quantum dynamical systems. Infin. Di-
mens. Anal. Quantum Probab. Relat. Top, 12, 551-564. DOI: https://doi.org/10.1142/
S50219025709003884.

[9] Kolmogorov, A.N. (1958). New metric invariant of transitive dynamical systems and endomorphisms

of Lebesgue spaces. Doklady of Russian Academy of Sciences, 119, 851-864.

[10] Murphy, G.J. (1990). C*-Algebras and Operator Theory. Academic Press, Inc. DOIl: https://doi.
org/10.1016/C2009-0-22289-6.


https://doi.org/10.1016/j.laa.2008.09.029
https://doi.org/10.1016/j.laa.2008.09.029
https://doi.org/ 10.2140/pjm.2011.250.1
https://doi.org/ 10.2140/pjm.2011.250.1
https://doi.org/10.1073/pnas.17.2.656
https://doi.org/10.1007/BF01225381
https://doi.org/10.1007/BF01225381
https://doi.org/10.1142/S0219025709003665
https://doi.org/10.1142/S0219025709003884
https://doi.org/10.1142/S0219025709003884
https://doi.org/10.1016/C2009-0-22289-6
https://doi.org/10.1016/C2009-0-22289-6

\Y4 Saolins loolKiws-C™ sl Suog8 )l 5 LL slacl> sl

[11] Niculescu, C.P., Stroh, A., & Zsido, L. (2003). Noncommutative extensions of classical and multiple
recurrence theorems. J. Operator Theory, 50, 3-52.

[12] Phelps, R. (2001). Lectures on Choquet’s Theorem. Springer-Verlag Berlin, Heidelberg (originally
published by Van Nostrand, Princeton, 1966). DOI: https://doi.org/10.1007/b76887.

[13] Ruelle, D. (1973). Statistical mechanics on a compact set with Z"-action satisfying expansive-
ness and specification. Trans. Amer. Math. Soc, 185, 237-251. DOI: https://doi.org/10.2307/
1996437.

[14] Ruelle, D. (2004). Thermodynamic formalism. Cambridge Mathematical Library. Cambridge Uni-
versity Press, second edition, The mathematical structures of equilibrium statistical mechanics. DOL:
https://doi.org/10.1017/CB09780511617546.

[15] Sinai, Ya.G. (1959). On the notion of entropy of a dynamical system. Doklady of Russian Academy
of Sciences, 124, 768-771. DOI: https://doi.org/10.1007/978-0-387-87870-6_1.

[16] Von Neumann, J. (1932). Proof of the Quasi-ergodic Hypothesis. Proc. Natl. Acad. Sci, 18, 70-82.
DOI: https://doi.org/10.1073/pnas.18.1.70.

[17] Von Neumann, J. (1932). Physical Applications of the Ergodic Hypothesis. Proc. Natl. Acad. Sci,
18, 263-266. DOI: https://doi.org/10.1073/pnas.18.3.263.

[18] Von Neumann, J. (1999). Invariant measures. American Mathematical Society, ISBN 978-0-8218-
0912-9.

[19] Walters, P. (1975). A variational principle for the pressure of continuous transformations. Amer. J.
Math, 97,937-971. DOI: https://doi.org/10.2307/2373682.

[20] Walters, P. (1982). An Introduction to Ergodic Theory. Springer-Verlag.

[21] Walters, P. (1986). Relative pressure, relative equilibrium states, compensation functions and many-
to-one codes between subshifts. Trans. Amer. Math. Soc, 296, 1-31. DOI: https://doi.org/10.
2307/2000558.


https://doi.org/10.1007/b76887
https://doi.org/10.2307/1996437
https://doi.org/10.2307/1996437
https://doi.org/10.1017/CBO9780511617546
https://doi.org/10.1007/978-0-387-87870-6_1
https://doi.org/10.1073/pnas.18.1.70
https://doi.org/10.1073/pnas.18.3.263
https://doi.org/10.2307/2373682
https://doi.org/10.2307/2000558
https://doi.org/10.2307/2000558

Measure Algebras and Applications

Invariant measures of action of amenable groups and their entropy

AliReza Alehafttan'™" | Hossein Kasiri?~ , Mehran Hosseinzadeh Dizaj3

1. Corresponding Author, Department of Mathematics, Jundi-Shapur University of Technology, Dezful,
Iran. Email: a.r.alehafttan@jsu.ac.ir

2. Department of Mathematics, Jundi-Shapur University of Technology, Dezful, Iran. Email:
hossein kasiry@jsu.ac.ir

3. Department of Electrical Engineering, Central Tehran Branch, Islamic Azad University, Tehran, Iran.

Email: meh.hosseinzadehdizaj@iauctb.ac.ir

Article Info | ABSTRACT

Article type:

Research Article

Article history:

Received: 12 April 2024

Received in revised form: In this article, with the help of the concept of di-
17 June 2024 agonal measure, we define an information func-
Accepted: 26 June 2024 tion for the amenable group action on a com-
Published Online: pact metric space and then obtain the entropy
20 August 2024 of the group action from it. In other words, we
Keywords: show that the integral of the defined informa-
Amenable group, tion function will be equal to the entropy of the
Folner sequence, amenable group action.

Information function,
Entropy

2020 Mathematics Subject
Classification: 37A35

Cite this article: Alehafttan, A.R., Kasiri, H., & Hosseinzadeh Dizaj, M. (2024). Invariant measures of
action of amenable groups and their entropy. Measure Algebras and Applications, 2(1), 130-141.
http://doi.org/10.22091/maa.2024.10600.1018

@ @ @ ©The Author(s). Publisher: University of Qom
DOI: 10.22091/maa.2024.10600.1018



https://orcid.org/0000-0002-2886-5482
https://orcid.org/0000-0003-2128-2513
https://orcid.org/0000-0001-5986-0003

Extended Abstract

Introduction

In the classical ergodic theory, the concept of entropy is defined for measure-preserving Z-actions. The
definition of entropy is stated via different approaches, but with the same origin [1, 3, 4, 12—14, 17, 19].

Entropy of Z-actions is generalized to actions of general amenable groups. To have a nice entropy
theory for actions of amenable groups, the concept of Falner sequence is applied. A Felner sequence, for
an action, is a sequence of finite sets that exhaust the space and do not move too much when acted on by

any group element.

Many classical results for Z-actions, such as Shannon-McMillan-Brieman theorem [2, 6, 17], Ergodic
theorems [21, 23-25] and Rokhlin-Sinai results [16], are generalized for actions of general amenable
groups.

Traditionally, the entropy of an action is a non-negative extended real number which is invariant under
isomorphism. For Z-actions it is replaced by linear operators on Banach spaces [12, 13].

In this paper, we introduce a function corresponding to the action of an amenable group, which con-
tains the entropy of the group’s action. In other words, the entropy of the group action is obtained by
integrating this function, which we call the information function. With the help of information functions,
entropy operators can be introduced, and a spectral approach to the concept of entropy of the action of a

group is presented.

Conclusion

In this paper, the following definitions and results are applied.

Definition 0.1. Suppose that G is a topological group acting on a probability space (X, B, 1) such that
the action G x X — X is measurable. The measure y is called G-invariant if 1(gA) = p(A) for any
g € G.

Definition 0.2. An invariant measure [ is called ergodic if; for any measurable set A we have
Vge A, gA=A= u(A)=0 or pll)=1.

The collection of all probability measures on B is denoted by M (X) and the collection of all G-
invariant measures on B is denoted by M (G, X). We also write E(G, X)) for the collection of all ergodic
measures.

It is known that M (X), equipped by the weak™* topology, is a compact metrizable space [22]. The

proof of the following theorem is similar to [22] Theorem 6.10.

Theorem 0.3. Suppose that G acts on a metric space X and p is a G-invariant measure on Bx, the
o-algebra of Borel sets of X, then

1. M(G, X) is a compact subset of M (X);

2. M(G,X) is convex;

A



3. ext(M(G, X)) = E(G, X), ie., the collection of ergodic measures equals the extreme points of

the collection of G-invariant measures.
In the following, we recall the Choquet’s representation theorem.

Theorem 0.4. (Phelps [5]) Suppose that Y is a compact convex metrizable subset of a locally convex
space E, and that xo € Y. Then there exists a probability measure T on'Y which represents xy and is
supported by the extreme points of Y, i.e., V(xg) = fY Wdr for every continuous linear functional ¥ on
E, and T(ext(Y)) = 1.

Letp € M(G,X)and f : X — R be a bounded measurable function. Since we know that £(G, X)
agrees with the set of extreme points of M (X, ¢), applying Choquet’s representation theorem for Y =
M(G,X)and ¥(u) = [ fdu, we will have the following corollary:

Corollary 0.5. Suppose that G is a topological group acting continuously on the compact metric space
X. Then for each jn € M(G, X) there is a unique measure T = 1, on the Borel subsets of the compact
metrizable space M (G, X)) such that 7,(E(G, X)) = 1 and

[ @ = [ . ([ s@ant))

for every bounded measurable function f : X — R.

Under the assumptions of Corollary 0.5, we write u = | B(G.X) mdr,(m) and it is called the ergodic
decomposition of .

Suppose that GG is a countable and discrete group. There are many equivalent formulations for the
concept of amenability. In the discrete case, one of the convenient definitions of amenability for discrete
groups is as follows:

A dicrete group G is amenable if for any finite set X' C G and § > 0 there is a finite set /' C G such
that

Vk € K |FAKF| < d|F]|.

Such a set ' is called (K, d)-invariant.
A sequence {F}, },>1 of finite subsets of G is called a Falner sequence if for any K and § > 0, F), is
(K, d)-invariant, for all large enough n. Without loss of generality, we may assume that |F),| > n.
Assume that G acts from the left on a measure space (X, B, ) with 4(X) = 1. Let also p preserve
the action of G on X. We have the following mean ergodic theorem for amenable groups. It may easily

be proved by the same method applied for Z-actions.

Theorem 0.6. If G is amenable and acts ergodically on (X, B, jt), then for any f € L'(u), and Folner

sequence { Fy, }n>1,
AP @)oo — [l i L)

where

A(Fy, £)(&) = |}‘ S fgo).

geF

The pointwise version of Theorem 0.6 does not necessarily hold for any given Felner sequence [5].

The following definition is introduced in [18].
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Definition 0.7. (A. Shulman) A sequence of sets { F}, }n>1 is said to be tempered if for some ¢ > 0 and
alln € N,

\ U Fy ' Fopa] < el Fgal.
k<n

A version of the maximal ergodic theorem was proved for tempered sequences [20]. We also have

the following for tempered Felner sequences [5].

Theorem 0.8. (Pointwise ergodic theorem) Let G be an amenable group acting on a measure space
(X, B, i), and let { F,,},>1 be a tempered Folner sequence. Then for any f € L*(u),

Jm AP @) = [ fdn e

A space (X, B, i) on which acts, together with a partition P of X, is called a process.
If x € X and P is a partition, then we denote the unique element of P containing = by P (x). If also,
F C G we set

PE = \/ g P
gel

where \/ denotes the joint operation on the set of finite partitions.
We recall the definition of the entropy of a process.

Definition 0.9. Forany F' C G and € > 0, we set
b(F,e,P) ;= min{|C| : C C P¥, u(UC) > 1 — ¢}.
Then the entropy h,,(P) is defined as

log b(Fy, €,
h,(P) = lim lim inf log b(Fn, €, P)

€—00 M—00 |Fn’

where { F}, }r,>1 is a Folner sequence for G.
The following is a generalized version of the Shannon-McMillan-Breiman theorem [5].

Theorem 0.10. Let P be a finite partition, and assume that G is an amenable group acting ergodically
on a measure space (X, B, u). Let h,(P) denote the entropy of this process. Assume that { Fy,}n>1 is a
tempered sequence of Folner sets. Then for almost every z,

— log(u(P™™ ()
| Fnl

— huy(P) as n— oo.

Information kernel for action of amenable groups

In the rest of the paper, let X be a metric space and Sx be the o-algebra of all Borel partitions. Let G be
an amenable group acting on the space (X, 5x), n € M (G, X ) and P be a measurable partition of X.
Let also {F}, },>1 be a tempered Folner sequence of G. We may assume that | Fy, 1| > |Fp,|.

Definition 0.11. For x,y € X andn € N, we set

Tn(x,y; P) := lim sup card({g € Fp, -y € g 'PI(2)})

and
1 ) . '
T;(x7ya 7)) = _W long(:U’y7P) : Tn(l"y773) # 0
’ :To(w,y; P) =0
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Remark 0.12. For x,y € X and a partition P, the sequence {T;;(x,y; P)}n>1 is increasing.

Note that, the previous remark holds because of the following reason:
Let K < n. The partition P is finer than P therefore, if z € X, then Pf»(z) C P¥*(z) and
consequently g~ P (2) € g~ P (z) for any g € G. Now, for m € N we have

{9€Fp:yeg Py {geFy:yecg P}

which easily results in 7, (z, y; P) < 7(x, y; P), therefore 7 (x,y; P) < 7 (x,y; P).
By Remark 0.12, lim,,_,oo 7, (z, y; P) exists as an extended real non-negative number. So, we may

have the following definition:

Definition 0.13. For x,y € X and the partition P of X, set
IG’(x7 y) = lim T:(.%, Y; P)
n— o0
The function I : X x X — [0, +00] is called the information kernel of G-action on X.

Before we mention our first main result, we need to note that, when G is an amenable countably
infinite discrete group, for any finite measurable partition P of X and any u € M(G, X), one has the
equality

ha(P) = / o (P} (m) ©.1)
B(G,X)

where = | B(G,X) mdr,(m) is the ergodic decomposition of x. One can deduce (0.1) from [7] Propo-
sitions 5.3.2 and 5.3.5, and the proof in the case G = Z in [22] Theorem 8.4. (i).

Definition 0.14. Let € M (G, X) and p = fE(G X) mdT(m) be the ergodic decomposition of . Then
the diagonal measure of L is defined by

diag(p)(D) = /M(G’X) (m x m)(D)dr(m) = /E(G’X)(m x m)(D)dr(m).

The following theorem is our main result.

Theorem 0.15. Given any partition P, h,(P) < +oc if and only if I € L' (X x X, pu x ), moreover,

under the previous condition we have

el (x xxpxcpy = Pu(P)-

VY
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Extended Abstract

Introduction
Suppose that G is a finite group and we define
C:{(x,y)GGxG’xy:yx}. (1.1)

The commutativity degree of the finite group G, denoted by Pr(G), is defined as

Cl

Pr(G) = T

The commutativity degree represents the probability that two randomly selected elements of G commute.
Suppose that H is a subgroup of GG. The concept of relative commutativity degree of the subgroup, as a
generalization of commutativity degree, was defined in [3] as

{(z,y) € Hx G | xy = yx}|
Pridl, G) = |H||G|‘

These concepts have been the basis for extensive research on finite groups, for example in [2, 4, 6, &]. As
the above definitions show, the cardinalities of the sets play a crucial role in these definitions, therefore
these definitions are not directly applicable to infinite groups.

To address this issue, one can employ the notion of measure in the definitions. For the first time,
Gustafson in [6] defined the notion of commutativity degree in the more general way for a compact topo-
logical group, and established several properties similar to the finite case. In [5, 9], similar approaches
have been used to study the concept of the relative commutativity degree.

Suppose that G is a compact Hausdorff topological group, and  is the unique probability Haar mea-
sure on G (note that (i is actually the left Haar measure with the normalization condition p(G) = 1, and
for any 2 in G, we have u(xE) = pu(E)). On the product space G x GG, we consider the product measure
i X . For each subgroup H of non-zero measure and every Borel subset D of G, we set

u(H N D)
pr (D) = ————

((H)
It can be easily observed that pij; is the normalized Haar measure on H and g will be the same as the
measure p. In [7], the relative commutativity degree of the subgroup H, denoted by Pr(H, GG), is defined
as follows:

Pr(H,G) = uyy * u(C) = /G xe(w9) dun(w) du(y)

where C' is the set defined in equation (1.1) and x¢ is the characteristic function on C. The relative

commutativity degree of the subgroup can be defined in a more general way when H < K < (G as:

Pr(H,K) = pn x pr(C) = /G ch(:c,y) dpr () dp (y)-

In particular, Pr(H, H) is the same as Pr(H ). We define
D(G) ={Pr(H,G) | H<G},

which means that D(G) is the set of all relative commutativity degrees of the subgroups of G. For finite
groups, the study of groups whose set D((G) has a specific number of elements has been of great interest

to many researchers. One can refer to [1, 3] for example.
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In this paper, we will study the structure of compact topological groups whose set D(G) has exactly
three elements. First, we will show that there is no group whose set D(G) is a set of two elements, and
then we will examine the groups with three relative commutativity degrees. Also, the set D(G) will be
computed for a class of groups with this property. We will observe that many properties will be similar
to the results obtained in the finite case.

Conclusion
In this paper, the following results have been obtained:

Lemma 0.1. Suppose that H < K < G, then for every x in G we have
#Ck(x))  p(Crlx))
pE) = p(H)
Lemma 0.2. Suppose that H < K < G, then we have Pr(H,G) < Pr(K,G) and the equality holds if
and only if for every x in G we have K = HCk (x).

Lemma 0.3. Suppose that G is a non-abelian group and x € G\ Z(G). Then
Pr((z),G) ¢ {1,Pr(G)}.
Corollary 0.4. Suppose that G is a non-abelian group, then |D(G)| # 2.

Lemma 0.5. Suppose that G is a non-abelian group and D(G) = {1,d,Pr(G)}. If H is a subgroup of
G such that Pr(H,G) = d, then H is abelian.

Theorem 0.6. Suppose that G is a group such that |D(G)| = 3. Then for every x € G \ Z(G), the
subgroup C(x) is a maximal abelian subgroup of G.

Theorem 0.7. Suppose that G is a group such that |D(G)| = 3 and D(G) = {1,d,Pr(G)}. If H is a
subgroup of G such that Pr(H,G) = d, x € H\ Z(G) and M = Cg(x), then

D(G) = {1, 5((]\24)) +M(M\Z),Pr(c;)} :

where Z = M N Z(G).

Example 0.8. Let
Gi={z€C]|z|=1}.

Then G with the usual multiplication of complex numbers and the usual topology of complex numbers
is a compact topological group. Let p be an odd prime number and consider G = G X Day,, where Do,

is the dihedral group of order 2p given by
Dy, = (a,bla? = b* =id,bab = a™*) = {id,a,--- ,aP"*,b,ab, - ,aP1b}.

By computing commutativity degrees of subgroups of G we have

p+1 p+3
26 - {155

So G is a group whose D(G) has exactly three elements.
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Remark 0.9. By comparing the results obtained in this article and [1], it is observed that all these theo-
rems also hold in the finite case. Since every finite group with the discrete topology is a compact topo-
logical group, one can consider the proof of these theorems in the finite case as a special case of this
article. However, since in the finite case, the finiteness of the order of the group is an effective tool, one

can obtain more results regarding the structure of these groups, as can be seen in [1].
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Extended Abstract

Introduction

Let H be a Hilbert space and let I be a finite or countable index set. A family F = {f;}icr € Hisa
frame for H, if there exist 0 < Ar < Br < 00, such that

AFNFIP < Y UL £)17 < B,

icl
for each f € H. The sequence F is called a Bessel sequence if only the second inequality is required
(see [4]).
For each i € I, let H; be a Hilbert space and let L(7{, #;) be the set of all bounded operators from
‘H into H;. We call A = {A; € L(H,H;) : i € I} a g-frame for H with respect to {#,; : i € I} if there
exist two positive constants A and B such that

AIFIP < DI I? < BIFIZ,
i€l

foreach f € H. If only the second inequality is required, we call it a g-Bessel sequence with upper bound
B (see [13]).

Another important generalization of frames is the fusion frame introduced in [2].

Let {W, };c1 be a family of closed subspaces of a Hilbert space H, and {w; };c be a family of weights,
i.e.,w; > 0foreachi € I. Then W = {(W;,w;) }icr is a fusion frame, if there are two positive numbers
A and B such that for each f € H,

AIFIP < @i llmw, (O < BIIFIP,
icl
where Ty, is the orthogonal projection onto the subspace W;. If only the right-hand inequality is required,
then W is called a Bessel fusion sequence.

It is easy to see that if WW = {(W;, w;) }:e1 is a Bessel fusion sequence, then the operator .S)y defined
onHby Swf =3 ic; w2, f is well-defined, bounded and positive. Also, if W is a fusion frame, then
Syy is invertible.

Note that W = {(W;, w;) }ier is a fusion frame if and only if Ay := {w;mw, }icr s a g-frame.

Tensor products of g-frames and fusion frames in Hilbert spaces were considered in [7] and a-duals
of g-frames and fusion frames in Hilbert spaces were studied in [1, 12].

Hilbert C*-modules are generalizations of Hilbert spaces by allowing the inner product to take values
in a C*-algebra rather than in the field of complex numbers.

Let 2 be a unital C*-algebra and suppose that F is a left 2-module such that the linear structures of
2l and E are compatible. Then FE is called a pre-Hilbert 2[-module if F is equipped with an 2(-valued
inner product (-,-) : E x E — 2, such that

(i) (ax + By, z) = oz, z) + By, 2), foreach o, 5 € Cand z,y, z € F,
(i) (az,y) = alx,y), foreacha € Aand z,y € E;
(iii) (z,y) = (y,x)*, foreach z,y € E;

(iv) (x,z) > 0, foreach x € E and if (z,z) = 0, then z = 0.
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For each z € F, we define ||z|| = ||(x, z) H% If E is complete with ||.||, it is called a Hilbert 2A-module
or a Hilbert C*-module over 2.
Let E be a Hilbert 2-module. A family F = {f;}ic;r C FE is a frame for E, if there exist real
constants 0 < Ar < Br < oo, such that for each x € F,
Ap(z,x) <> (z, fi){fi,z) < Brlw,z).
el
If the second inequality is required, F is a Bessel sequence. If the series ) . (x, f;)(fi, x) is convergent
with respect to the norm, then F is called a standard frame (see [5)]).

A closed submodule M of E is orthogonally complemented if E = M & M. In this case my; €

Lo(E, M), where mps : E — M is the projection onto M.
Suppose that {w; : ¢ € I} C A is a family of weights, i.e., each w; is a positive, invertible element from
the center of 2, and {W; : ¢ € I} is a family of orthogonally complemented submodules of E. Then
{(Wi,w;) }ier is a fusion frame if there exist positive numbers A and B such that
A.<£C, $> < Zwi2<7TW¢(x)v WWz(x» < B'<xa $>,
el
for each = € E. If we only require to have the upper bound, then {(W;, w;) }icy is called a Bessel fusion
sequence with upper bound B.

Let { E; }ier be a sequence of Hilbert 2-modules. A sequence A = {A; € £(E,E;) : i € I} is
called a g-frame for E with respect to {E; : i € I} if there exist real constants A, B > 0 such that for
eachz € F,

Az, z) < Z(Am,Am} < B.(z,x).
icl
If only the second-hand inequality is required, then A is called a g-Bessel sequence. Standard g-frames
and fusion frames are defined similar to frames.

If W = {(W;,w;) }icr is a standard Bessel fusion sequence, then the operator Sy : E — E which
isdefined by Sz = >, ; w;?mw, x is adjointable and called the operator of W. For a standard g-Bessel
sequence A, the operator Sy : E — E which is defined by Sy () = >, AjAi(x) is adjointable and
it is called the operator of A. If A is a standard (A, B) g-frame, then A.Idp < S) < B.Idp. For more
results about fusion frames and g-frames in Hilbert C*-modules, see [0, 11].

In this paper, all C*-algebras are unital and Hilbert C*-modules are finitely or countably generated.
All fusion frames, g-frames and Bessel sequences are standard.

Throughout this paper I and I, for each 1 < k < n, are subsets of N. 2 is a unital C'*-algebra,
E, Ey and E;, are finitely or countably generated Hilbert C**-modules, for each £k € {1,...,n} and
i(k) € I.

Recall that if 2}, is a C*-algebra, for each 1 < k < n, then ®}'_,%, is a C*-algebra with the spatial
norm and for each a;, € %y, we have ||a1 ® ... ® a,| = II}_,|lax|/. The multiplication and involu-
tion on simple tensors are defined by (®7_,ax)(®F_1br) = ®p_,(arby) and (®F_ ar)* = ®@}_,a},
respectively.

Now, if Ey, is a Hilbert 2(-module, for each 1 < k < n, then the (Hilbert C*-module) tensor product
Qr_1 By = By ® ... ® By is a Hilbert (®}_,2;)-module. The module action and inner product for

simple tensors are defined by
(®p=10k) (@fz17k) = (@121) © ... ® (anTn)

= ®Z:1(akxk)a
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and

<®Z:1xk7 ®Z=1yk>
= (21,41) ® ... ®(Tn, Yn)
= ®Z:1<$kayk>,
respectively, where a;, € 2, and xy, yr € Ej. For more results, see [&].

In this paper ®*) = {A;) € Lo, (Bk, Biiy) Yiryer, Y = {Tigey € L, (B, Byry) : i(k) €
b W = {(Wigy, win) Yigwer, VP = { (Vi viy) ¢ i(k) € I}, where Wy, and Vi, are
orthogonally complemented submodules of £}, and w; () and v;(3,) are weights in 2y, foreach1 < k < n.
@p_, ®*) and @7 _ W) are

{Ai(l) ®...Q0 Ai(n) € 'S(Q[1®...®an)(®gzlEk7 Ez’(l) Q... Ei(n)), (i(1),...,i(n)) € (I1 x ... x Ip)},

{(Wz‘(l) ® ... @ Wiy, wi1) @ - .. ®wi(n)) 2 (1(1),...yi(n)) € (I1 x ... x 1)}

Tensor products of g-frames and fusion frames in Hilbert C'*-modules were studied in [9]. Here, we
consider the tensor product of a-duals in Hilbert C*-modules. Indeed, some obtained results in [12] are

generalized to Hilbert C*-modules.

Conclusion

In the present paper, the following definitions and theorems are stated:

Definition 0.1. Let « € Z and let A = {\; € £(E,E;) : i € I} be a g-frame. A g-frame ' = {I'; €
L(E, E;) i € 1} is called an a-dual of {A;}ier if Y, r AT f = S§ f. for each f € E.

Theorem 0.2. Suppose that %) s and U ¥ s are g-frames. If V*) is an a-dual of ®*), for each k €
{1,...,n}, then ®Z:1\P(k) is an a-dual 0f®Z:1<I>(k).

Definition 0.3. Let o € Z and W = {(W;,w;) bier and V = {(Vi, v;) Yier be two fusion frames for E.
Then, V is called an o-dual of W if Y, ; viwimw, v, f = Sy, f, for each f € E.

Theorem 0.4. Suppose that W) s and V) s are fusion frames. If V) is an a-dual of W), for each
ke{l,...,n}, then ®Z:1V(k) is an a-dual 0f®Z:1W(k).
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