[ o5 olSasls ale Lalilabys
[ Vsl oles AFeY plies 5 5l Jl ojles Jl Sl

AD LTI AD

Sl (S0 (ol po J5TS 1y g

1y o Sl slasl

S22 5,5 Sl 93 Bael y3uio s 3555 (olnl (S5 omisl oSS o3l 05,8 Sl ke L e S
Jgw) 550 (Ol pl egeion cagion (g9 3 oA (25 09,5 Sliwl) (Sl g (o0 2 LS joo 13570 () Rl e 5 ¢y el (a0
o8 olSils o 5L, 05,5 Jials) U (g5l Lo yake y558 ()l eleinl ylgia] it olKiails o ol 09,5 slinl) silideo! pu
09,5 Jleils) (Sl yadsl (e (o 0 yTS (Ul o8 (B olRiils (LS 09,5 JLetils) (@ lblb oo s TS (Ol 0l 3

L)) oo e olKitils (L,

L ol o (coryl8) ol ojlasl (slalad b bLs,l ,o o5hgas 5 ool ;LT L Lo o a5 anb oo jlacs! SV coliladgs ool ;0 @
(oS o guin 50, S

o o..\.o.m.vy &.\.Q,C).v AJLS.A).Q k_/\-]lh@ s_,ujsﬁ.w.n [ ]
Byl mile aie SO L aslladgs CJlas Ji5 @

L3315 5 051l (gl yomr Aoliliadys 1285 w035 o ezl b olStils ¢adll sl ed 1 LS
oYO-YY Vo X¥¥Fo ali FYVPNEFFNY (o oS
Website: maa.qom.ac.ir * Email: maa@qom.ac.ir



LQJJ.U[S 9 bJI-\.al le.ﬁa‘).o

‘UL0.0 w)lg LSM‘ ‘)
il oo Jlw,l (6,50 dme 4 lojed s g bl said yaiie ol 5l b allis )

Sloresgs aaz gl g (Baius g slosal; Coond) alors olog 40 438 ,5 )1,8 Lges J16 o allie 3,55 & bogio allie &gl 5 pd Y
St g lawgs llie PDF s LaTeX Ll g0 ,o g 0gi Lol Uas 00 aub allas LaTeX L« pes 10 .ol o 1o 00 S
gl Jlo,l dlome Glols 33 )b 5l p e

(oSl s 8057 5 00:57) Wigdh 4l (oSl 05 @ by allie Jol Ao 90 Jolo ¥
il (ol oad S5 digas B ) a5) alma (slas laibinl Gllas b allie alie ¥

sl 3T laallie ol g Lzt il g (o b o, 5o acliladgs .0

il o g den ool 3550 b Alis slgione il LS sdtan s SO 5l i dlie 45 5908 &
ol ST aie S L aAlme slodllio I ulidl g a5 Y

ol il e ;S5 w053 slaipgh 5l isu b o) S0 ieeh sbesliws jlesliul &yeo o A



LQJJ.U[S 9 bJI-\.al le.ﬁa‘).o

I gt (g

Gly OVl plos ol yiiie dlie 003150 b "o, 5 5 o5lail sl oz Aalilades 5l oo yudsl e posidy [0 55 Colie g calal b
S 5 SVl 51 SG e (5 9ld Al e i i (gl 1Sl S p g S5 85 s g wiad Lo g3090 )3 paaie (gl
ey Okl 2 ole 4

S ool jebas dA wites ] Glas )5 5 Lol BT L Jad e sad piiie SVl csliladss ol laileis 5 SBlaal wax gl
ol L5 o el Sliis by alis aiz olr wr gl &5 bl swilosd Jlol 2ol 5001 LS o Sings buwg SVl
el el el 23l 3BT gy 61,15 5 ol oz Baimo s ol 5 el Lol 5 Saelizs sloelSims (e ] Sliios
Wy 18 Slids 8yem ol 4 laieaddle solatuwl 090 dlxe (] DY Las

555 BT Gliz S [San 5 o oinpts iy s b b & o ot Ll Gilin e 3 95 e ol gl s

leior (1098 5 ST (Samge (e dn

Syl (Sl (o850



Lm,ulS PRy 4vJecs

OY o Cow pod

N &)5.‘9;9; ‘_ngej)f )| ‘5'5).3 6‘)‘.’ ‘su.w ‘s’lad.vb 4> 40
Sowge e S
Ny O plud slalad jo b Ego-RR 5,90, 2l

PEEIN )3

N u).o.l...b ‘SL&JSM -C* o )Ygu\.n o) ‘Sl.bé\.ll.; 9 Odd e 4O ‘Slﬁ,g@

Gy yual ‘Gsu.)_é [ESRVE

| 17 P Hloglys b Siloe Coxi Al puoni GLLOL g OB v Ji5 (590 g bbEg0 UL

Syl Sl e (oa5 0

) Seobud groliws ‘545).0]' 9 ka8 o)l
@oblan ol (o) (suge

4 H O pdid glalad jo Lol b Fadais 5 g0 yo gl S p

©olgz o)

A S 2 UL oLad S b b yo iad yal oliad 3 590 53 UG
6 s B Lo e

AT Ja.u).n “ﬁlamsg.)‘)d#ééﬁ‘s‘u-\.ﬁ.o

Sl (6 ST deze “50@1}54? o3l jdeze Sgezte

L\ Ly o5 b ooilel aubi 31 ool b Sgmaw 555 (sla o 55 ooldiil (5las sl 1 csilo polss

g Oyl

VoV 3 ,58udS 09,5 0 SO Sl o ylg09,5 (5 9y (ko
CneadlE 5 g Sgama WblpS oS Sgamme

LT PP O pld slalad jo Sled glaas i 5,90 jo bl Sy
&Mﬂﬁie]ﬁ}

NN A Cbb ‘_.;Lb).f.? G P gd —A**
ol el ooty S0



Measure Algebras and Applications

Relative commutativity degree for some topological groups

Seyyed Ali Moosavi!

1. Department of Mathematics, University of Qom, Qom, Iran. Email: s.a.mousavi@qom.ac.ir

Article Info ABSTRACT

Article type:

Research Article

Article history: Assume that GG is a compact Hausdorff topo-

Received: 4 April 2023

Received in revised form:

18 May 2023

Accepted: 22 May 2023
Published Online:

30 September 2023

Keywords:

Commutativity degree,

Relative commutativity degree,

Topological group,
Compact group,
Closed subgroup

2020 Mathematics Subject

Classification:
20P05, 20D60, 28 A60

logical group and H is a closed subgroup of G.
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Extended Abstract

Introduction

Let G be a locally compact topological group, then by [6], there exists a Haar measure 1 on the Borel
o-algebra. Suppose that H is a closed subgroup with non-zero measure, i.e., u(H) # 0. Define the

measure p g7 on Borel subsets by
uwDNH)
pr (D) = ————=
n(H)

In this paper, we define the relative commutativity degree of subgroup H as follows:

Pr(H, G) = jus % p(C) = /G el () (o)

where C' = {(z,y) € G x G | xy = yx} and p is the normalized Haar measure on G. We will show that
1 / 1
—— | p(C yd,uy—/uC’Ga: du(z).

Using the above result, we will prove that

Pr(H,G) =

Pr(G) < Pr(H,G) < Pr(H),

and if H is a non-normal subgroup, then both of the above inequalities are strict. Also we will state some
necessary and sufficient conditions such that the equality holds in the above inequalities.
In Section 4, we will find upper bounds for the relative commutativity degree of a subgroup. In fact,

it will be shown that
u(H) + u(Z 0 H)

2u(H)
We will show that Pr(H, G) < 2 and if H is non-abelian, then Pr(H, G) <
examples of groups for which these upper bounds occur.

Pr(H,G) <

g and we will provide some
Finally, we state a theorem about the groups that reach these upper bounds, in particular, we will show

that if Pr(H, G) = 2, then
H

Z(G)nH
and if Pr(H, G) = £ and H is non-abelian, then
H
Z(G)NH

~ 7,

> 7o X L.

Conclusion

In this article, we defined the notion of relative permutation degree for a subgroup in a compact topologi-
cal group and examined some properties of this concept for these groups. We observed that the properties
that hold for finite groups also hold for compact topological groups. In fact, since finite groups have the
discrete topology, the definition in the finite case can be considered as a special case of the above defi-
nition for compact topological groups, and the results obtained for finite groups can be seen as a special

case of the results obtained for compact groups.
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Extended Abstract

Introduction

Let g be a function in L?(IR) and a, b be two positive constants. The collection { E,,,5Tha 9}m,nez Where
B f(z) = 2™ £ (1) and T, f () = f(z —na) is called a Gabor frame in L?(R) if it is a frame for
the Hilbert space L%(R).

Gabor frames, introduced by D. Gabor in 1946 (see [7]), have been extensively studied. One of the most
important results for Gabor frames is the Ron-Shen duality principle that precisely characterizes Gabor
frames. It states that for every g € L*(R) and a,b > 0 with ab < 1, {E;pThag monez is a frame with
bounds A, B for L?(R) if and only if {\/%E%T% 9}m.nez 1s a Riesz sequence with bounds A, B.

For a generalization of the duality principle from Gabor frames to abstract frame theory, the concept of
R-duality with respect to orthonormal bases was defined as follows (see [10]):

Let (e;)jen and (h;);en be orthonormal bases for a separable Hilbert space 7. Let (f;);cn be a sequence
such that for every j € N, .. [(fi, €j)]? < oo and

wl = > (fires)hi.

€N

The sequence (w]f )jen is called the R-dual sequence of ( f;);en with respect to (e;) jen and (h;)ien.

Conclusion
The main results of this paper are:

Theorem 0.1. Assume that T is a subset of N. Let (e;)jez and (h;)ict be Riesz bases in H and (f;)icr
be a sequence such that Y, .7 |( fi, j)|* < oo, for every j € I. Then, the following statements hold.:
1. Foreveryi €T
fi=Y (Wl e,
JET
where (€;)je1 and (hi)icr are the canonical dual frames of (ej)jez and (h;)iez, respectively.

2. (fi)iez is the R-dual sequence of(w]f)jez with respect to (i;i)iel' and (€5) jez.

Theorem 0.2. Let ( f;)icz be a Bessel sequence with Bessel bound A, (h;)icr and (e;) jez be Riesz bases
in H and M be defined as

M:H—H
M(f)y =" (i, i
i€

If(w;)jg is the R-dual of ( f;)ic1 with respect to (h;)icz and (e;) jez, then (w{)jez is a Bessel sequence

in ‘H. Moreover, the following statements are equivalent:

1. R(M) is closed and M is injective.

\Y



2. M is bounded below.
3. (fi)iez is a frame in H.
Theorem 0.3. Let (f;)icz be a Bessel sequence in H and let (h;);c1 be a Riesz basis in H. Let M be

M:H—H

M(f) = {fi [

1€l
Then M : H — H is an invertible anti-linear map if and only if (f;)icz is a Riesz basis in H.

Theorem 0.4. Let F = (f;)icz and G = (9;)ie1 be frames in H and (h;),cz and (ej) ez be Riesz bases
for H. Suppose that

My(f) = (fis )b, M (f) = gi, F)hi,

i€l 1€T

and

Sralf) = S f, Fiha
€L

Then the following statements are equivalent:
1. F = (fi)iez is an alternate dual frame of G = (g;)icz-
2. S]:’g = Sg,]: = Idy.

3. (Mi(ej), Ma(ey)) = d;i for every j, k € L.

\O
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Extended Abstract

Introduction

Hilbert space frames were originally introduced by Duffin and Schaeffer to deal with some problems
in non-harmonic Fourier analysis [8], [7]. Frames can be viewed as redundant bases which are gener-
alizations of Riesz bases [3], [4], [5], [6], [2], [12], [12],[17]. This redundancy property sometimes is
extremely important in some applications such as signal and image processing, data compression, and
sampling theory.

In recent years, many mathematicians get significant results by extending the theory of frames from
Hilbert spaces to Hilbert C*-modules. Hilbert C*-modules are generalizations of Hilbert spaces by allow-
ing the inner product to take values in a C*-algebra rather than in the field of real or complex numbers.
They were introduced and investigated initially by Kaplansky (see also [11, 15]). Frank and Larson
[9] introduced the concept of frames in finitely or countably generated Hilbert C*-modules over a uni-
tal C'*-algebra. The second author and B. Khosravi in [12] introduced modular Riesz bases in Hilbert
C*-modules and showed that they share many properties with Riesz bases in Hilbert spaces. Frames in
Hilbert C*-modules are called Hilbert C*-modular frames or just simply modular frames. Recently, Be-
mrose, Casazza, Grochenig, Lammers, and Lynch in [3] (see also [5], [14], [18]) introduced the concept
of weaving frames which is motivated by a problem regarding distributed signal processing.

Let { f; }icr and {g; }ic1 be two frames for a Hilbert space H. {{ fi}icr,{gi}icr} is said to be woven
if there are universal constants A and B so that for every subset o of I, the family { f; }ico [J{gi }icoe, 1S
a frame for H with lower and upper frame bounds A and B, respectively. The family { f; }ico (U{gi }icoe
is called a weaving, for more details see [5]. {{fi}icr,{gi}icr} is called partition-woven, or simply
P-woven, if there exists a nonempty proper subset o of I such that { f;}ico (J{gi}icoc is a frame (see

[5D.

Conclusion

In this paper, the following definitions are stated:

Definition 0.1. A pre-Hilbert A-module is a left A-module H equipped with an A-valued inner product
() : Hx H— A, such that

(1) (x,x) > 0 forall x € H and (x,x) = 0 if and only if x = 0,

(13){x,y) = (y,z)* forall z,y € H,

(7i1) (ax + y, z) = alz, z) + (y,2) foralla € Aand x,y,z € H.

Definition 0.2. Let A be a unital C*-algebra. A sequence {x; : 1 € 1} in H is called a frame for H, if
there exist two constants 0 < C < D < oo such that

Clal® <) [z, 2:)|* < Dla?,
el

for every x € H, it is called a tight frame if C = D, is called a Parseval frame if C = D = 1 and is

called a Bessel sequence, if the right-hand side inequality is required.

Yy



Definition 0.3. (i) A frame {x; : i € I} for H is called a Riesz basis if x; # 0 for each i € I and
Y ics @ix; = 0 for coefficients {a; : i € S} C A, S C I, implies that a;x; = 0 for each i € S.

(ii) Let {x; : 1 € I} C H be a sequence in H. We say that {x; : i € 1} is a modular Riesz basis, if
there exists an invertible U € B((3(A), H) such that for every {a; : i € I} in (3(A), U(X,c; aie;) =
> ics @i, where {e; : i € I} is the standard orthonormal basis of (3(A).

Definition 0.4. A sequence {x; : i € I} in H which is a frame for its closed A-linear hull is called a
frame sequence. If every subsequence of {x; : i € I} is a frame sequence, we say that the frame has the
subframe property. If {x; : i € I} is a frame for H with the subframe property and additionally there
are uniform upper and lower frame bounds for all subsequences of the frame, then we call {x; : i € I}

a Riesz frame.

Definition 0.5. A family {xf ci €1} forj =1,2,...,m of frames in H is called woven, if there exist
constants C, D > 0 such that for every partition P = {01, 09, ...,0m} of I, {xf ri€0j,j=1,2,...,m}
is a frame with bounds C, D. Each family {xf ti € 04,7 =1,2,...,m} is called a weaving.

Definition 0.6. (i) A family {:z:f ci €1}, j=1,2,...,m of Bessel sequences in H is called a P-woven
[frame, if there exists a partition P = {o01,09, ...,0m} of I such that {azz ri€05,j=1,2,...,m}isa
frame for H.

(13) A family {xz 24 € I} for j = 1,2,...,m of Bessel sequences in H is CP-woven, if there exists
a partition P = {01,029, ...,0m} of I such that for each permutation (A1, A2, ..., \p) of {1,2,...,m},
{:ci 11 €0y,,J =1,2,...,m} is a frame for H.

Also, the next theorems and propositions are presented:

Theorem 0.7. Let {x; = Ue; : i € I} be a modular Riesz basis. Then

(i) {z; : i € I} is a frame with synthesis operator U and with a unique dual frame {(U*)~Y(e;) : i € I},
which is a modular Riesz basis.

(1) If Y ;cp aixy = O, for some {a; : i € I} C A, then a; = 0 for eachi € I.

(i) If' Y ;e aizi converges for some {a; :i € I} C A, then {a; : i € I} € (3(A).

(iv) There exist 0 < A < B < oo such that for every {a; : i € I} € (3(A),

A

2
g aiZ;

il

D lail

i€l

B> |ail®

i€l

Theorem 0.8. Let {x; : i € I} be a frame for H with analysis operator T : H — (3(A). Then the
following are equivalent:

(1) {x; : i € I} is a modular Riesz basis.

(i3) T* : £2(A) — H is one to one.

(131) {x; : i € I} has a unique dual frame.

(iv) There exist positive constants A, B such that for every {a; : i € I} in (3(A),

A

2
E ;T

il

D lail?

iel

B> lail®

iel

Proposition 0.9. Every modular Riesz basis has the subframe property.
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Proposition 0.10. Let {xf ci € I} for j = 1,2,...,m be a woven frame for H and Q € B(H) be
surjective. Then {Q:L‘i c1 €1} forj =1,2,...,mis a woven frame.

Theorem 0.11. Let {xf 21 € I} forj =1,2,...,m be a woven frame with bounds C, D. Suppose that
J C I for which there exist a constant 0 < E < C and a partition P = {0'1, 0/2, - o;n} of J such that
foreveryx € H

ZZ\ DP<Elz].

Then {xf cieI\J}forj=1,2,...,mis awoven frame for H.

Theorem 0.12. Let {xf s i € I} be a frame with bounds C, D; for each j = 1,2, ...,m such that there
exist a constant 0 < E/ < ZTZI Cj and a partition P = {01, 09, ...,0m} of I such that

SY ) P<Blaf (e,

Jj= 1'L€cr
Then {xf ci €I} forj=1,2,...,mis aP-woven frame.

Theorem 0.13. Let {xi i € I} be a frame for H with frame operator S; for each j = 1,2,....m
Assume that there exist a constant 0 < E < m and a partition P = {01,049, ...,0m } of I such that

1

ZZ\ (z,S; %)) P< E|x 2,

j= 1160

[un

for every x € H. Then the family {5’ 2 f iel},j=1,2,...misaP-woven frame for H.
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Extended Abstract

Introduction

Let H be a Hilbert space and let I be a finite or countable index set. A family F = {f;}icr € Hisa
discrete frame for H, if there exist 0 < Ar < Br < oo, such that

AF|FIP < DO WE ) < BxI£IP,
icl
for each f € H. The sequence F is called a Bessel sequence if only the second inequality is required
(see [0]).
Let (2, 1) be a measure space and let H be a Hilbert space. A weakly-measurable mapping F' : Q —
‘H is called a continuous frame for H with respect to (€2, i) if there exist two positive constants Ap, Bp
such that for each f € H, we have

Ap|lfI? < /Q (F, F(@))Pdu(w) < Brl fI%

If only the second inequality is required, we say that F' is a continuous Bessel mapping.
Suppose that F' : Q — H is a continuous Bessel mapping. Then the operator T : L*(Q, ) — H
weakly defined by

(Tre, f) = Jq pW)(F W), fldpw), ¢ € L(Qp), f€H,

is well-defined and bounded with ||Tx| < +/Bp. Indeed, [, ¢(w)F(w)du(w) is an element of  and
T can be written as Tr () = [, ¢(w)F(w)dp(w).
The operator T is called the synthesis operator of F' and its adjoint which is given by

T H = (), (Tpf)(w) = (f,F(w)), weQ feH,

is the analysis operator of F'.

A Bessel mapping G is called a dual for F' if T¢T}. = Idy and if ||TgTj. — Idyl| < 1, then G is
called an approximate dual of F'. For more results on continuous frames, see [1, 8, 10].

For each i € I, let H; be a Hilbert space. In this paper, L(#, H,;) is the set of all bounded operators
from H into H; and L(H, ) is denoted by L(#H). We call A = {A; € L(H,H;) : i € I} a g-frame for
H with respect to {#,; : i € I} if there exist two positive constants A and B such that

AIIFIP <D INFIP < BIIFIP,
icl
foreach f € H. If only the second inequality is required, we call it a g-Bessel sequence with upper bound
B. If A = B, A is called an A-tight g-frame (see [23]).

Let A = {A;}ier and T' = {I'; };¢1 be two g-Bessel sequences in a Hilbert space H and let Sty f :=
> icr iAif. We say that A and I are approximate g-duals if || /d3 — Sra|| < 1. In this case, I' is called
an approximate g-dual of A (see [7]).

Hilbert C*-modules are generalizations of Hilbert spaces by allowing the inner product to take values
in a C*-algebra rather than in the field of complex numbers.

Let 2l be a unital C*-algebra and suppose that F is a left 2-module such that the linear structures of
2l and E are compatible. Then E is called a pre-Hilbert 2(-module if F is equipped with an 2(-valued
inner product (-, -) : F x E — 2, such that

AN’



(i) (ax + By, z) = alx, z) + By, z), foreach o, 5 € C and x,y, z € E}
(ii)) (azx,y) = a(zx,y), foreacha € A and x,y € F,
(iii) (x,y) = (y,z)*, foreach x,y € F,
(iv) (z,x) >0, for each x € F and if (z,x) = 0, then = 0.

For each x € E, we define ||z| = ||(z, z) H% If E is complete with ||.||, it is called a Hilbert A-module
or a Hilbert C*-module over 2.
Let E be a Hilbert A-module. A family F = {f;}ic; C FE is a frame for E, if there exist real
constants 0 < Ar < Br < 00, such that for each x € F,
Ar(e, ) <3 (@, f) (i) < Brlz, ).
iel
If the second inequality is required, F is a Bessel sequence. If the series ) . (x, f;)(fi, x) is convergent
with respect to the norm, then F is called a standard frame (see [8]).

Let F = {fi}icr and G = {g; }ics be standard Bessel sequences in E. Then we say that G (resp. F)
is an alternate dual or a dual of F (resp. G), if x = >, ;(z, f;)g; or equivalently x = >, (z, g:) fi,
foreachz € E.

Let £(E, E;) be the set of all adjointable operators from E into E;. A sequence A = {A; € £(F, E;) :
i € I} 1is called a g-frame for E with respect to {E; : i € I} if there exist real constants Ay, By > 0
such that

Ap(z,x) < Z(Aix,Ai@ < Bp(z,x),
il
for each z € E. In this case, we call it an (Ap, By) g-frame. If only the second-hand inequality is
required, then A is called a By-g-Bessel sequence (see [12]).
Let F and F be Hilbert C*-modules over C'*-algebras 2l and B, respectively. Let o : 2l — B be a
morphism of C*-algebras. A map ¢ : £ — F'is said to be a p-morphism of Hilbert C*-modules if

(9(2), 9(y)) = ¢((z,9)),

for each z,y € E (see [3]).

Conclusion
The main results of this paper are:
Theorem 0.1. Let T’ and S be two isometric operators on Hilbert spaces H and K, respectively. Then

(i) IfT' = {T'; € L(H,H;)}icr is ag-dual (vesp. an approximate g-dual) of A = {A\; € L(H,H;) }icr,
then U'p := {1;T }ier is a g-dual (vesp. an approximate g-dual) of Ap := {A\;T }ier.

(ii) IfT ={0l; € L(H,K)}ier is a g-dual (vesp. an approximate g-dual) of A = {A\; € L(H,K) }ier,
thenT's := {ST; }ic1 is a g-dual (resp. an approximate g-dual) of Ag := {SA; }ier.

Theorem 0.2. LetT' = {I'; € L(H,H;)}ier be a g-dual of A = {A; € L(H,H;)}icr and let T be a
bounded operator on H. Then

YA



(i) Tp :={0iT}icr is a g-dual of A := {\;T }icy if and only if T is an isometric operator.
(ii) T'r = {1T}icr is an approximate g-dual of A := {\;T }ic1 if and only if || T*T — Idy|| < 1.

Theorem 0.3. Let F,G : Q0 — H be two continuous Bessel mappings. Assume that T is a bounded
operator on H such that T* is isometric. If G is a dual (vesp. an approximate dual) of F', then T o G is
a dual (resp. an approximate dual) of T o F..

Theorem 0.4. Let G : 2 — H be adual of F : Q) — H. Assume that T is a bounded operator on
H. Then, T o G is a dual (resp. an approximate dual) of T o F if and only if T* is an isometric operator
(resp. ||TT* — Idy] < 1).

Theorem 0.5. Let Ey be a Hilbert C*-module and T' = {T'; € £(E1, E)}icr be a g-dual of A = {A; €
L(Ev, E)}icr. Also, assume that ¢I'; and ¢\; are adjointable, for each i € I. Then, I'y := {¢L'; }icr
and Ay := {¢A;}icr are two g-Bessel sequences. If Ty is a g-dual of Ay, then ¢ is an isometric operator.

Theorem 0.6. Suppose that F = {f; }icr and G = {g; }ic1 are two Bessel sequences in E such that G is
a dual of F. If ¢ is surjective, then Gy := {$(9;) }icr is a dual for Fy := {¢(fi) }ier.
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Extended Abstract

Introduction

The concept of entropy of a dynamical system is introduced by Kolmogorov [6] and Sinai [ 5], in ergodic
theory and dynamical systems. The topological versions of entropy are also defined by Adler [1]. Using
some equivalent definitions by Dinabourg [5] and Bowen [2], the two previous versions of the concept
of entropy are connected via the variational principle [5].

Shannon [ 14], McMillan [&¢] and Brieman [3] presented local approaches to entropy. The topological
version of these local approaches is introduced by Brin and Katok [4]. Then, other approaches to the
entropy of dynamical systems, with local nature, are introduced [11, 12].

This paper is also assisted by a new approach to the local entropy of dynamical systems. We first
introduce the concept of diagonal measure corresponding to an invariant measure, and then we define the
information function corresponding to a compact dynamical system.

Finally, we show that the introduced information function is a type of local entropy. More precisely,
we prove that the integral of the introduced information function on the product space, with respect to
the diagonal measure, results in the entropy of dynamical systems.

In Section 2, we present some required preliminaries. In Section 3, we define the diagonal measure
and in Section 4, we introduce the information function and will prove our main theorem. Section 5 is a

conclusion.

Conclusion
In this paper, the following definitions and results are given:

Definition 0.1. Let f : X — X be a continuous map on a compact metric space and |1 be an f-invariant
probability measure. Let also p = | B(x, )M dt(m) be the ergodic decomposition of . The diagonal

measure of | is defined as follows:

/1::/ m X mdr(m).
E(X,f)

Theorem 0.2. For any f-invariant measure p, the diagonal measure [i is absolutely continuous with

respect to [

Definition 0.3. The information function Iy : X x X — [0, 0o] corresponding to a compact dynamical
system (X, f) is defined by
I(z,y) := lim limsup j;(z, y; &) (0.1)

k—00 n—oo
where {£, }i;>1 is an increasing sequence of measurable partitions of X such that limy,_, 1 o diam (&) —
0 and

A gn(x,y; &) =0

and
-1

Jn (2, y; &) = limsup % > Xer@ (W)

l—00 =0

0¥



The next theorem is the main result of this paper.

Theorem 0.4. Let (X, f) be a compact dynamical system. Then, for every f-invariant measure | we

have
XxX

where h, () is the entropy of f with respect to .
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Extended Abstract

Introduction

Frames for Hilbert spaces were introduced in [6]. Let H be a Hilbert space and let I be a finite or countable
index set. A family F = {f;};c1 C H is a discrete frame for H, if there exist 0 < Ar < Br < oo, such
that
AF|FIP < YO WE P < BzIFIP,
iel

for each f € H. The sequence F is called a Bessel sequence if only the second inequality is required.

Continuous frames were introduced in [, 10]. Let (€2, 1) be a measure space and let H be a Hilbert
space. A weakly-measurable mapping F' :  — H is called a continuous frame for H with respect to
(€, p) if there exist two positive constants A, B such that for each f € H, we have

Ar|fI? é/gl(f’F(w)>l2du(W) < Br| I

The positive numbers Ay and B are called the lower and upper bounds of the frame, respectively. The
mapping F' is called tight it Ap = Br and if Ap = Bp = 1, itis called a Parseval frame. 1f only the
second inequality is required, we say that F' is a continuous Bessel mapping. Suppose that F' : Q — H
is a continuous Bessel mapping. Then the operator T : L?(€2, 1) — H weakly defined by

(Tre, f) = Jo e F W), fldu(w), ¢ € L*(Qp),f€H,

is well-defined and bounded with ||Tr| < +/Bp. Indeed, [, ¢(w)F(w)du(w) is an element of 4 and
Tr can be written as Tr () = [, ¢(w)F(w)dp(w). The operator T is called the synthesis operator of
F and its adjoint which is given by

T H = (), (Tpf)(w) = (f,F(w)), weQ feH,

is the analysis operator of F'. The operator Sp = T} is a positive operator and if F' is a continuous
frame, then S is also an invertible operator and called the frame operator of F'. In fact, foreach f, g € H,

we have

(Skf,9) = [o(f, FW)/(F(w), g)dp(w).

A Bessel mapping G such that T T is equal to the identity operator on H is called a dual for F'. A
Bessel mapping G is a pseudo-dual for F' if T T} is invertible. If the distance (with respect to the norm)
between 11 and the identity operator on H is less than one, then G is called an approximate dual of F'.
Let F and G be two Bessel mappings and let Q € B(L?(£2, 1)). The function G is said to be a Q-pseudo-
dual (resp. Q-dual, Q-approximate dual) for F if the operator S g, r defined by S o.r = TaQT}
is invertible (resp. Sg.o.r = Idy, ||Sc,q.r — Idy| < 1). For more results about pseudo-duals and

approximate duals of continuous frames, see [13].

A



Conclusion

The main results of the paper are:

Theorem 0.1. Let F,G be two Bessel mappings and let T € B(H). In this case, TF : Q — H and
TG : Q — H defined by TF(x) = T(F(z)) and TG(x) = T(G(x)) are Bessel mappings. Moreover, if
TG is a Q-pseudo-dual of T'F, then T is right-invertible.

Theorem 0.2. Let G be a Q-pseudo-dual of F and T € B(H). If T is invertible, then TG is a Q-pseudo-
dual of TF.

Theorem 0.3. Let F',G, M : Q) — H be three Bessel mappings. Then F' — M : Q — H and G — M
Q — Hdefined by (F —M)(z) = F(x)—M(z) and (G—M)(z) = G(x)— M (z) are Bessel mappings.
Moreover, if ||Sa,o.m|| < 1 and G is a Q-dual of F, then G is a Q-approximate dual of F' — M. Also, if
< land G is a Q-dual of F, then G — M is a Q-approximate dual of F.

1Sm,.F|

0
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Extended Abstract

Orlicz spaces, as a very important generalization of Lebesgue spaces, were proposed more than 100 years
ago and were first introduced by Z. W. Birnbaum and W. Orlicz. After that, another generalization of
Lebesgue spaces with symbols X7 instead of LP was introduced in which X is a Banach function space.
In this article, another generalization of Lebesgue spaces is investigated, which includes both previous
generalizations. Although this generalization and preliminary studies of it were published in a scientific
report in 1988, effective research on this generalization was done 15 years ago. Due to the fact that in this
generalization a convex and Young function @ is placed instead of function | - |” and a Banach function
space X is placed instead of space L', in this article, taking into account the conditions of the function

® we will check properties of generalized Orlicz space X ®. More precisely, if we put

Mo ={f:Q— [—o0,+00] : fis u — measurable},

X‘i):{fEMo:Ela>0,®(E|) € X},
S‘p—{feX‘I’:Va>O,<I>(£‘) € X},
S®* = {f € X?: fisastep function},

M@ :‘971)“”@’

considering the conditions on the function ®, we examine the relationship between the above spaces.
Generalized Orlich spaces X ® associated with a functional Banach space like X, considering properties
such as solidity of X, have important and well-known properties in Orlicz spaces and Lebesgue spaces.
By using these properties, many results can be obtained in these spaces. Considering that an Orlicz
space is generalized by X ® and by replacing the space L' with Banach function space X, we can reach
new Banach spaces by placing different spaces in place X. Studying these spaces and examining their
properties, such as conditions of being algebra, the existence of a bounded approximate identity element,

spaceability, and many other cases can be done in the continuation of this research.

Yo
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Extended Abstract

Introduction

In Ramsey theory, Schur’s theorem holds significant importance [19]. The simplicity of the problem, as
well as its connection with various areas of mathematics, increases its significance. This theorem states
that in any finite partition of natural numbers, there exist a,b € N such that one of the cells contains
{a,b,a + b}, in the other words, this structure is monochromatic.

In [22], Van der Waerden proved that in any finite partition of natural numbers, one of the cells
contains arbitrarily long arithmetic progressions. In the other words, for any £ € N, there exist a,b € N
such that the structure {a,a + b,a + 2b, ..., a + kb} is monochromatic. This proof provided an answer
to a long-standing open question.

The theorems of Schur and Van der Waerden encouraged researchers to study monochromatic linear
patterns. In 1943, Rado classified all linear structures in the set of natural numbers, leading to significant
results in this field, which we will elaborate on in the following sections. Erdés and Turan, after the
proof of Van der Waerden’s theorem, posed the question of whether every subset of natural numbers with
a positive upper density contains an arbitrarily long arithmetic progression? This question was answered
by Szemerédi in 1974, but in 1977, Furstenberg provided another solution to this problem using dynamical
systems, leading to the creation of a theory known as Ergodic-Ramsey theory, [10]; [11].

The general idea behind Erdés and Turan’s solution to the open problem is as follows: a subset F/
of natural numbers contains an arithmetic progression of length k, i.e., {a,a + d, ... ,a + kd} C E, for
some a, b in natural numbers if and only if a € EN (E —d) N...N (E — kd). Furthermore, it shows
that if E' has positive upper density, then

N
el 3
lmloréng:ld(Eﬂ(E—n)ﬂ---ﬂ(E—k‘n)) > 0. (0.1)

Thus, E contains an arithmetic sequence of length k& + 1.

To establish the relation (0.1), Furstenberg introduced the notion of a correspondence between a
measure-preserving dynamical system and a set with upper density. To delve further into this process,
we need to familiarize ourselves with certain concepts.

Assume that (X, B, i) is a probability space, where B is a o-algebra on the set X and p : B — [0, 1]
is a countably additive probability measure. A measurable map 7" : X — X is measure preserving if
for every B € B, we have u(T~'B) = u(B), where T™'B := {z € X : Tx € B}. A quadruple
(X, B, 1, T), where (X, B, 11) is a measure space and 7" is a measure-preserving map, is called a measure-
preserving system. A system (X, B, 1, {1y }4ec), where G is a commutative semigroup, 7, : X — X
is a function, and (X, B, 11) is a probability space, is called a dynamical system over G.

In general, for a given semigroup G and {7} ,cc on the probability space (X, B, u) (i.e., for every
g,h € G, Ty, = T,T}), together with measure-preserving maps, (X, B, i, {1, }4ec) is called a measure-
preserving system or a G-measure-preserving system. Let E be a subset of natural numbers. For the
additive semigroup N, {m € N : n +m € E} denoted by E — n for any n € N.

Furstenberg’s Corresponding Principle establishes a profound connection between measure-preserving
systems and sets of integers. For any subset E of the natural numbers, the theorem asserts the exis-

tence of a measure-preserving system (X, B, u, T') and a set A € B such that the measure of A matches
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the upper asymptotic density of E. Furthermore, the theorem establishes an intriguing relationship be-
tween the combinatorial structure of £/ and the dynamics of the measure-preserving system. Specif-
ically, for any sequence of integers ni,no, - ,nk, the density of the intersection of translated sets
E —n1,E —ng, -, E — nyg is bounded from below by the measure of a corresponding intersection
of translated sets in A. This powerful principle finds its applications through various versions in the
realm of multiple recurrence theory.

Suppose that (X, B, i, T') is a measure-preserving system and A € B such that ;(A) > 0. Then, for
each k € N,

N

1

lim inf — ANT™AN---NT7FA) > 0.

iminf Z (AN NN ) >0
n=1

This fact is a generalization of the Poincaré Recurrence Theorem, which states there exists n € N such

that

w(ANT™A) > 0.

A stronger version of that can be stated as follows:
Suppose that (X, B, i, T') is a measure-preserving system and A € B. Then, for every € > 0, the set

below is a syndetic set:
{(neN : p(ANT™A) > u%(A) — €} 0.2)

As a consequence of the aforementioned content, one can refer to a density version of Van der Waerden’s
theorem, which was formulated and proven by Szemerédi. He established that every subset of natural
numbers with a positive upper density contains an arbitrarily long arithmetic progression [21]. Our ability
to discern the monochromaticity of an equation is quite limited. For example, the following question has
remained unresolved: Is it true that for every finite coloring of the natural numbers, there exist a,b € N
such that the structure {a?, b2, a® + b?} is monochromatic?

In [16], Moreira investigated the monochromatic solutions of polynomial patterns in countable com-
mutative semigroups, providing a novel classification in this domain. However, this classification does
not encompass every polynomial structure. In fact, the following conjecture remains unsolved: For ev-
ery finite coloring of the natural numbers, is it true that there exist a,b € N such that the structure
{a,b,a + b, ab} is monochromatic?

In [12], Green and Sanders, by generalizing the works of Shkredov and Cilleruelo ([20], [6]), suc-
cessfully provided an answer to the open problem in finite fields. Furthermore, a weaker version of this
conjecture has been recently addressed by Moreira and Bergelson which state that, for every finite col-
oring of the natural numbers, there exist a,b € N such that {a, a + b, ab} is monochromatic. Szemerédi
proved the famous conjecture of Erdos and Turan [&], and Furstenberg, by presenting a new proof of Sze-
merédi’s theorem [10], initiated a deep and enduring interaction between the theories of Ramsey theory
and ergodic theory.

In 1943, Rado introduced regular matrices and examined the monochromaticity of these equations in
a special case. In [7], Deuber gave his well-known proof regarding Rado’s conjecture on partition reg-
ular sets. He introduced structures called (m, p, ¢)-sets and, by iteratively applying Van der Waerden’s
theorem on arithmetic progressions, proved the theorem for them. In 1975, he generalized the notion of
partition regularity to abelian groups. In 1994, Hindman, Deuber, and Bergelson expounded the theory
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of Rado for commutative rings, delving into the study of both homogeneous and inhomogeneous equa-
tions whose coefficient matrices belong to commutative rings. Among the important problems is the
monochromaticity of {x, y,  + y, xy}, which Moreira proved a weak version of this in 2017. He defini-
tively answered this question in a strong sense, employing dynamical systems and ergodic theory with
the help of a new representation of a large class of non-linear patterns found in a cell of finite partition.
Before presenting the content, we proceed to define and review some classical results related to the
Ramsey theorem. Let R be a countable commutative ring. For natural numbers m and k, consider

functions
fl,...,fkiRm%R.

The family { f1, f2, ..., fx} in R is called a Ramsey family if for every finite coloring C,Co, ..., C, of
R, and every X € R™, there exists a color C belong to {C', ..., C,} such that

{AX), fo(X), .., (X)) C C.

As you can observe, for any a, b, k € N, the structures {a,b,a + b} and {a,a +0,...,a+ (k —1)b}
are Ramsey in N, but the structures {a,a + 1} and {a, b, 3a — b} are not. This is because if we color
each element of the set of natural numbers with a color, then a and a + 1 must have different colors, and
if we color the set of natural numbers with 4 colors in a 5-color set if @ and b have the same color, it can
be shown that 3a — b has a different color [15]. In [5], it was proven that for every p € N, the family
{z,y,x +y,x+2y,...,x + py} is Ramsey in N. Additionally, Folkman proved that for every m € N,
the following family is Ramsey:

)

T o, r1 + o )

T2 T2 + 11 ; To + X , T2+T1+ 2o

Tm 5, Tm+Tm—1 , Tm+Tm—2 , y Tm + Tm—1 + -+ X0 )

Just as the theorems of Schur and Van der Waerden were generalized, the generalization of Folkman’s

theorem is not far-fetched. In [7], Deuber proved that for every m, p,c € N, the following structure is

Ramsey in N:
( cxo
izg + cry ) ie{-p,...,p}
ixo + jx1 + cxo , i,j €{-p,...,0}
P00+ + lm—1Tm—1 + T G0y -y im—1 € {—D,...,D}

Suppose that m € N and {f1, fo,..., fr} is a finite family of linear functions f : N+ 5 N,
Then, this family is Ramsey if and only if there exist p and ¢ in N such that the above structure contains
{f1, fo,- .., fx}. To generalize this theorem, various methods can be employed. For instance, one can
extend the Ramsey family to an infinite family of functions. Similar to a theorem called Hindman’s
theorem, which is translatable into the language of Ramsey families, significant results have also been
obtained in this regard [13]. Furthermore, considering the potential parallels between the outcomes of

linear functions and polynomial functions, the following classic question is raised:
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”Suppose that for £ € N, fi1, fo,..., fx € Z[x1,...,x;]. What is the necessary and sufficient
condition for the family { f1, ..., fx} to be Ramsey in N?”

Based on the aforementioned, all structures present in the Schur, Van der Waerden, and Deuber theo-
rems are Ramsey families. Examining this subject when the structure involves addition and multiplication
proves to be quite challenging. In 1977, Furstenberg and Sarkdzy presented a proof for the monochro-
maticity of the structure {a, a-+b2} [10], [1%]. Subsequently, Bergelson improved these results by proving
the monochromaticity of the structure {a, b, a-+b%} [3]. However, the significant breakthrough came with
the extension to polynomial functions by Bergelson and Leibman in the Van der Waerden theorem, where
they showed, that the structure

{zo,x0 +p1(x1,...,Zm), -, 20+ Pr(T1,. .oy Tm)}

with p1,...,pg € Z[x1, ..., 2] such that p;(0) = 0 is Ramsey [4].

Nowadays, the polynomial Van der Waerden theorem has been generalized in various directions,
each of which represents a new example of polynomial Ramsey families ([1], [2], [9], [14]). However, a
complete and accurate solution for the following conjecture is still not available.

” Is it true that for every finite coloring of the natural numbers, there exist a,b € N such that the

structure {a, b, a + b, ab} is monochromatic?

Conclusion

In today’s research, the investigation of Ramsey families of nonlinear functions, whose simpler forms are

polynomial expressions with two variables, holds a special priority.
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Extended Abstract

Shrinkage estimators have found vast applications in many disciplines. These estimators were first intro-
duced by James and Stein (1961) and Stein (1962). Many statisticians have shown different character-
istics of these estimators. The first version of two-level hierarchical models is called the homoscedastic

hierarchical model with the following structure
Y; ~ N(0;, A) i=1,2,...,n
0; ~ N (1, \).
The second version of two-level hierarchical models, heteroscedastic hierarchical models, is as follows
Y; ~ N(0;, A;) i=1,2,...,n
0; ~ N (1, A).
Several authors have considered discussing the asymptotic properties of the heteroscedastic hierarchical
models too. Among others, we can refer to Xie et al (2012-2016), Ghoreishi and Meshkani (2014),
Baranchik (1970), Cai and Zijian (2016), and Shantia and Ghoreishi (2020).
In this paper, we address the following heteroscedastic hierarchical model
Y; ~ N(6;, A;) 1=1,2,...,n
0; ~ N(p, A),
0; = 81 X1 + B2 Xoj + - - + BpXpi

with a linear structure for 6;s. We will use the moment, maximum likelihood, and SURE methods to
obtain the shrinkage estimate

A A;
= Y; 4 - ) ~
A+ A; A+ A;
and also to estimate the regression coefficients 31, - , 3.

A common assumption for high-dimensional regression models, p = O(n), is the sparsity assumption
for the vector of the regression coefficient. That is,
card(B) = HﬁHO = 59 K D,
where /6 = (617 BQ? e 7ﬁp)T'

Assuming the sparsity, the asymptotic properties of the resulting estimators will be investigated under

the error function Lo and the penalized function L; given by

. 1 1/2/4 2
— 0—-X 1
argé&%ﬂ {QnHW ( ,B)Hg +)‘HBH1}’ ©.1)
where 8 = (01,0, ---,60,)T, X is the regression matrix, and W = diag<;\;AA1 R S‘;AA"> .
1 n

Assuming that [3 is the solution of (0.1) and 3* is the real vector, we will construct the Lo-upper
bound

. . 4 A+ A solnp
[l 4 s (52 22

n

for B3 — B*.

A
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Extended Abstract

Introduction

First studied by Brandt in 1927, groupoids have a central role in Mathematics and Mathematical Physics.
In Algebraic Geometry, Grothendieck used groupoids to investigate moduli spaces, and in Crystallogra-
phy, they are used to study microscopic symmetry via screw operators [5]. On the other hand, inverse
semigroups were first explicitly defined by Wagner in 1952 and independently by Preston in 1954. They
had a role in Klein’s Erlangen program and Lie’s theory of infinite continuous groups. These two notions
are related; to a groupoid, one may associate its ample semigroup [6] and each inverse semigroup has
a universal groupoid [5]. However, the relation between the structure and properties of these objects is
not well studied. Paterson in [5] suggests that the amenability of an inverse semigroup should be related
to the amenability of the maximal subgroups of the inverse semigroup. This seems to be a necessary
condition but certainly is not sufficient (consider the free inverse semigroup on two generators). In this
paper, we solve this problem for Clifford semigroups by showing that a Clifford semigroup is a union of
amenable groups if and only if its universal groupoid is amenable. We also give a correspondence be-
tween the isotropy groups of the universal groupoid and subgroups of the maximal group homomorphic

image of the Clifford semigroup.

Conclusion

The main results of this paper are:

Theorem 0.1. Let S be a Clifford semigroup, Gs and G = G(X, S) be its maximal group homomorphic
image and universal groupoid, respectively. Then G is the union of its isotropy groups which could be

identified with subgroups of G g.

Theorem 0.2. Let S be an amenable Clifford semigroup and S = UecpHe. Then T = Ue<e, H, is an
amenable Clifford subsemigroup of S for each e € E. Also H.H., = H.and H. Hy C H.y.

Theorem 0.3. Let S be an amenable Clifford semigroup and S = Uecp He. Then for every e € E,
H., ¥ Hs

Theorem 0.4. Let S = \ ). He be a Clifford semigroup such that for each e € E, H, is amenable,
then its universal groupoid G = G(X, S) is amenable.

Theorem 0.5. Let S = |J,.p He be a Clifford semigroup whose universal groupoid G is amenable.

Then each group H. is amenable.



VoV-1IA o) ojled o) opp ) FoY L (W (\

0 y90lS 09,5 0 S Sl ojlgeg S (5 03 (SSlo

=Y

RUUWE 7, 1 SYVIRPVE T ) K PN E YV

makazemi2006@Qyahoo. com :asbll, .l n! (od (o8 olKiils sl pole 0aSiils ¢ b, 05,5 .\
m-purghol@qom. ac. ir :asbll, .o\l ul ¢od (od olSisls by pole oaSiils ( Lol 09,5 Jgiume soinm g5 .Y

shS ) alio leMb|

:llio g4

g Alie

VFOYITY bl s o,

JlonSle sloog S 25 o & pedd(oe Glas llie ol o VEoYIZIY 16,535k &b

805055 31 (o559l loog,S ) 5 2,085 09 St o] Vo YISIF 1oy dy f,b

S92 90 (50,50 oy L) Soasy bl S ol Sl V¥o YIVIA +yLiasl g,
gty 3,985 09 F 0 Sy S g0 Sl uizmen

Sk g ST el ph0Sle slaog S 5l sloi] igols wlods

S5l Pl il 0wl p3 Sl o (Sl 85095 (S el

O Sl 851505, 45 mayslise 255805 340 Sils 05,50 (S 819095

ey eSle 355" 03,5 o5

09y 095 o

(ol 00,

43A20, 46H25

6Lm).¢_? .0)9.&.:.15 °j)§w-.e-3 g_i; cS’LQ"’ 6[.&:0)\505; LQ)""\"Q"‘iL“"' .(\YO V) S goe ‘u..w)l.c)y S goro ml{lﬂ,i_> ‘S‘Jolf soleuw!
\ °\’—\ \/\ 4(\)\ sLan))..\)lS 9 e)'LAJ‘
http://doi.org/10.22091/MAA.2023.9500.1006

o8 oRidls 1yl
L@mw @ OBy ©




VYo \YC’Y‘\ a)Lo.,.'b‘\ o)5dngoﬁ)l55o)“Aj|6Lmﬁ:.>

doddo )

95 Dhdly 5o 2l (i LSl ol 0 poles o5 wiays S anlllae Saiy bawgs o jlges,S ol sl gl oMo VATY Lo o
Ok S 09)ly o S e Sadsgmsl a8 S 18 eolainl 3 90 (6 e dwsin 13 SGuSs)S Lawg Lao)lgeg S e )10 Su 5
5 o GV &ebp 53 gy slaos T it s VAOF Jlu 53 g 5 VAOY oy 5Ty bagi St 5 ooy
(O] 55 ym iy clons aslllas gy Lol (ol sla S 5 Ji5lo o Ay a2 51 05l (a5 I (ool sy (sloog 5 &1
@ el b o )l g Se JlomnSle (slaog 5205 (6 d Sl L (9)ly (sloog Saes 6 30 eSilio &5 0,5 ks | cdbas
callin ol 5 (00K 5 5 1y Ao 53 55, 3131 g)ls 03,5 ) S I Lo S Lodne Lol sl 03 Lo G 0l sy 0
Ak g 51wl 23 5eSile slaog S 51 (eloizl ply 0,585 09 S0 S &Sl Golo GLas L 3,585 09 S e (512 1) aliwne
JlorSle (slaos T3 5 Sz 8)l509,5 55l (sloog)S e Bl S rimed oS o Jo 23l n30eSile O] Sl 850555
Gl Sz looylses)S 5050l (gloog Sad (g0l sloShg 5 i)l ¥ o )0 ped g0 il 05005 0 Foed Coxy o g

ol Ll glaclil g gobis @ls Jolis ¥ (i iS00 5950 |y o)Ll (ol 6 pde(nSilee pogie 5 oo s0

Sloodo guplic Y

sd...dl) QP}A S* c SMLA «))BAJ]W}@.C‘SAS S S).Q‘_gb.s )f‘ ML‘SA Qﬁ)lﬁ °9J§l‘°'"‘ |)S (d.a.w.wf) 05)fw.u .\.V 6-6))&’
Ss,sba
ss*s=s s* 55" = s".

a5l og,S 5l elazzl & jg0as oS o mesliion 9,5805 05,0 ;S (19,15 05,5 el
bl ol plgoss polie plai 5l St degaze B 5wl ()ly 0950w S 5 0t 553

E=E(S):={ecS:ee=c¢}.

degazme ) B 81 a5 STl 0,585 05 S0 S5 S (rized il 9o S5 B ST b 5 STl 08 S5 S S0l 5o
095 w5 ol € Glad yaie 1S JloruSlo 09,5 55 o H(€) o1 1065 S = UpepgH (€) o dl> cnl 5o 08L S 55 50
bEA sassamsa<b i), a € A, bEE &lpolS,e osbio il |, 5l A

GaGY § (z,y) — Y cpocsls G x G 5 GO degome s o ol oty G il degamme XY Gy pui
WL’ asle x,y,z c G ).&bdb.l olffh M;G"o)b%;‘gﬁ |)G63)¢G )| €T — .'L’_\ us)‘jw&&s

(@) =2
(zy)z = 2(y2) 5 (vy, 2), (x,y2) € GO o&i(z,y),(y,2) € GM 51 ¥
(z,z7Y), () z) € G ¥

a7 (wy) =y = (yx) 27" &1 (z,y) € G 51 ¥

oS 50 iy 2 Dypods 5 pealion 3 5 akels o e )T 5 A slac it G s lses 5 sl
d:G -G dx)y=2"z , r:G—=G;r(x)=xx.

o 55U, U E G el g emsS e G 355 lad |, GO = d(G) = () iegarme

G =r""({u}) , G,:=d'({v}) , G¥:= G*N G,.

399955 S 4 e 85l505)5 S il el S loe Sy3eli g5 8 )lg09,5 aiali e (593l 09,5 |y T &S el 09,8 S G (peizran
oSis |, G Su3elg5 8)l305,5 (59, Curte Uygr plate slaosladl JH{A" e o) 80lgls sl digey (19)lg 5 2y SlaclSs oS

WS G p kull 0 o8 e WU@%)LQ



AR 5985 09 5 0d S Slax slaolgeg S (6 pdy nSShee

csupp(A\Y) € GY el asbbu € GO n ol ()

b azls f € Co(G) sz € G 2 6ly (o)

/f(:vy YdAU®) /f Y@ (y).

WS Gae pj bl 0 a5 SO5gler 65 85l909,5 SOl el O jle (moge 80,88 81509 5 S
WL G ypale 5 ordge 3,28 GU) Ll 3y L (©)

L S T 0g)0 Aegame 455 sbar ail Sszge (G 83,58 G gagles sbaasgazay; 5l JSite B osle ol )lad solsils (9)
(B = {intA: Ael}) G sy iy

Wil G5l o0 53 28 B jgamgle sLas 5 S G 2 (V)

sl {A} b s oKiws S 4 e GA)

aels SlacuilS a5 1) o B jgaugle 5 5k sleasgazo s plai Bolgils w50 (nl jo Bl (xdge 53,08 8)l509 )5 o G oS (28
G Sidng $lp 4l oGP o552 0058 oo a8 =1 1) G 815055 s oo Giales G L1 aislh Sloploa Wil 595 9 9
ZseS [f(8)] < 00 bya ys a5 o] (5, bl wlss ples degame «jg0 ()3 Bl 4T 09,50 S0 5 oS 555
199(S) L1, a8 oa oo SUDg € g[F(8)] < 00 by 5 a5 T (55, balisee @5t ples degama 5 11 (S) LT, 08 o 0o
aites L slad o [ flloo = sups e sIF ()] sIIF Iy =25 e s [F(8)] Slops b s Ll coums oo iules

w S T(f)(9) =D c 5 [(8)g(5) Grasn b s UL oz cslalali 0y 5 (i o pd o o s 5

() = (1'(9))"

Jusld € S ;] 0 a5 oS oo iy Ls(f) () = f(st) @ypon]y s € 5 hwg o il S 5, f i &b sl
i @l 8 (slp S ysbar e (177(5)) 7 5l sraze 19(S) ) 1 0eSilon o 0900 cinpoi alia jsboty i Ce,
:f":‘.)‘*’f € ZOO(S)

infs(f(s)) < u(f) < supy(f(s)).

sl anals f €1%°(8) 5 5 €9 12 6l o5 2 muebiion oz bl |y 1 (e Siles
p(Lsf) = u(f).

(V) =N ] =) by gs o g el oot 05l 19(S) g5,y 5eSilio o 058 s0 iy pai aslie jsboas 55 Sl by (oSl
ol [ E1(S) 2 lp prizeed S o oo

p(Re(f)) =Re(u(f) , p(Im(f))=Im(u(f))

Sl f(9) 5 aes o diwgy o w(f) opdeas

D(8) > o pesbaxsls s o sl ol pealicn S 55, Llod (oSl S 1,0 &y90 0053 0 € 1N(S) 505,505 S oS 253
{s€8 1 9(s) > o} degameolS o puslion S (55) (Blte uSile S 1,y )] rizmen [ = Do g U (s) =1
#le G eSile degame wodlear ol JBa ot slacnSils degaze ;5 (o) olie SeSike degorme ail alite
el U2 1(S) 35 nmSlan L degne 5 @0



\\V \fOY ‘\ o)La.&‘\ o)5dngoﬁ)l55o)“Aj|6Lm)¢:.>

iy s jeboay Sl iy eSilee Bl 99250 o Sl (eSlis S o8 0 el s e i aSile |, S 09 S e VLY Gty
Al Sl 30l 5 oz iy 5eSiles o8 o meslion iy 5eSilee | S 09,5 e 09 50
ool 2306855kn 525 () ST bl ooy S (i pon So 0 1 S = S 5wl iy nSolee 09 5 o S 5 S
€S ;o lpas aslogrge ol slouSile 51 {gn } aile sladlss 31 ks § STl pdy 2:Sile S 09 5o [T] 5. apas
1N(S) 51 (o5 it ) ien 3ol 52 Limn (Lign — gn) = o = limp (Regn — gn) pels 28l
Slgogs yaie oS0 SO5T wyls 8, € S Gy oS Conl oss L a5 5,9b O g Soolee dasly il og)ls 05;&954,5 =S 2
rga a5 ol ISl 09,5 ol sl 095 o Gg i= S [0g &yg0 cpl ,o €8 = et a5 wil sg>g0 € € E(S) ails
wlse cews 4§ 5 e
Gl ) @bl (i onl &by s il pdienSile G 31 Lais 5 51 cl piynSibe S a5 1S e 555000 [0] )
S 50 (63910 WS =T 030 (sllat 55055 (623 e Kile
s Joloo 5 sbao, i o ygo ol o il AT pgo sl,led l505,5 o G oS 5,8 [V] 0. apas
oS Conl 39290 {@n} ail G 55, Jye &ly 5 slllss .\
N B Zr(ac):u |SDTL (IL’) | &b (&
‘Zr(x):u |§0n (:E) | = W‘i)b neN U € G. Bl le)'f (@)
ey 1,508 30 0 |0n (U7'2) — (@) sy € G e 6ln @
o ool 39290 {thn } 9l G 59, Usge @l 5 slllss X
il Jogl S U 3 )y [ton () | s (D
Dd@)=u [Vn (@) [ =V o nENu € G 2 ln (@)
el o 41500 gy [Vn (297)) = Pn(@)] Wisy € G 1o ilp @

S Gae 39 Ll 5l plaSpn 50 ST sl oo 3 0eSilee 1) G S =T g (6o 85095

3)98lS 09 S i Sl 8)lg09,5 ¥
degazs ool B=E(S) lpogs degazme b 2)5ilS 05 S0 o 5 i nl 59
X={zx|z=xa:E — {,\}}
5 CEE (ly w08 oo i o ] ol Glabati o Kon sl b A oz kb sl ol (S5 e S XA Ol 0 &S
X o JB> kegomon; &S S ool E={€ : e€ E}3€=x4, s })Ac={f € E : e< f}
st =V, ..omlpa(e) = pibaslom < noglpsx € X ey, ey, ... e € E oS 55 [0] el
il 5 US54 X (Gigle5 B gae o Dygo cpl 10 € = €ty - En pedd oo B T(Empy oo ) =)
Deeyerremn = {2 € X tx(e)=V,z(e) =2 (1=V),Y,...,m)}
= {xa:e€ A, e ¢ A},
€ € Deeyey,em 3 Deeyexsnem = De NDgDE N ---NDEoT.De = {x: 2(e) =)} 3
o5jfmjg_ils 09 Dy = Dy« b3 oo 1,8 ks oij dB)S Sawly Joe S 5 a0 a5 oS oo alamde o
Seb o el S gac o b w557, 5%s € B gl 5,508
(s*ss")s = (s"[ss"]) s
= ([ss"]s")s =s5"s"s
= s(s"[s"s]) = s([s"s] s¥)

= s(s%ss*) = ss"



\AAS 5985 09 5 0d S Slax slaolgeg S (6 pdy nSShee

X sins sy abps o {De e € BE}U{ D € € B} solpls ol X 00,8 5l degamar o Dy = Dy
Joe g .5(€) 1= x(5€5™) oS 2,8 Cendl

g S — I(X)

B(s) : De— Ry = Dg« = Dy

B(s)(x) =x.s
w35 518 gae o B oSl (udly o ol MM‘&B(S)Fﬁw‘ ot yg03000l S B j90 cal 13 e S o0 S5 50,
.._\.:S‘SnﬁlﬁsI)Xsm,m‘sz_qewlsprjjljo&;.égj@d—lajilosdﬁo@wé@.)w&i

e 0 58 (eS|

Y={(z,s) :x€Ds,s€S}

Gy Sl Y = T8 gl sl 45 05300 S5 ((2,5), (4, 1)) 07 oy 31 B i B pineS 5 slagss B deserne
Sz iz e €EE Sz =y Slhis g S1(2,8) p (Y1) mnS oo /55 20 59, P 65ilen B, Sl 815055
2 € D ge < s5¥tt", es = et a5 ok

il g5 Jleelboylgeg S SO G =X/p={[x,5] : €S, € Ds} &;,lop sloodS s0lgils

[z,s][x.5,t] = [z, st], [x,8]" = [x.5,5"]

r(lz,s]) =[x,ss5%] , d([z,s]) = x.s,5"s].

Gsld s 53 oS oolind [T,€] = 2 osls 3l enilgioe GU) = { [m,e] : e€E ,x € X} jislei gl opwizmen
w2 )13 pelgioe alale (T, €1) P(T,€x) mylo @ € Deey Loy, ey € B o gl gin coslidl e (53,l00 ity 0525
GC) =X

xX.S =T M)L) S € st c Ds ;md‘).’ ‘095 LngLg)‘AfOLQJLJ \\ﬂﬁ-‘

5 T(55%) =\ w0 85 € E 1y 1)) aied B (g5, ya0l olb S50 T8 T a5 1S 0 5900k L]
plple =ess* = ses* oKl < 5% Sl x(e) = z.5(€) e € E jagly )bl (@.s(ss™) =)
s Jol cls plu ess™ < 8s8™ e il olgis gas o€ € B (iS58 o5 (.S (e) = x(ses™) = x(e)

s a@.s(ess™) = x(ess™)

z.s(e) = x.s(e)) =mz.s(e)x.s(ss")
= x.s(ess™) = x(ess™)
= z(e)x(ss*) = z(e))
= x(e),

G" =Gy mloaw € X, €8 pulpyr|z,s] =d[r,s]58(s) (1) =3 w55 sl S sln oyasa
Syl slaog S L o098 W S G = Ugex Hy ool ple

H, =G5 ={[z,s]:s€ S, x<ss}

T

se < ss* ittt ww(e) =\ S obogzge € F Gl slp oS el (2,1) slags; pled degore [T, 8] Lxi] jo

et =es



\\f \f°Y ‘\ o)La.&‘\ o)5dngoﬁ)l55o)"Aj|6Lm)¢:.>

551305, 5 JlomSle 09,5 Ctyon pgai i G = G(X,5) 5 Gg g asl 3,905 0550 o S S (05 V¥ 4
oy a3 S (S Gy slaog )5 L wlgi oo oS ol Blgg sl sloes S eloizl G ojpo ol o il o Slex

dr([2,8]) =[] taloll,pp : Hy = Gg el @ € X p 6y G = Ugex Hy 5 3,5 ovalis L3 Ll
s g €5 = et oS sl dgzge iz € € B ol x, 8] = [2,1] 51155 ol ciu yui g sl ol oS oo i yui
IS ioren ol Gg [S] = [t]

Go([z,s][2,t]) = bu ([, 8t]) = [st] = [s][t] = Pa ([x;5]) du ([2,2]).
0 (o Loy 5 oSy P <3S SIS b )
ol B ol a5 el S 5l 0 Sawiny e €] @iler oW € € E a6l XY o

sex9f,9 EE KT, t € [e] 5l wimer B Cle] pufe € Eg(fe) f=(fe)edlf € E 3 oLl
O st cle] o (fg) st = (fs) (gt) = (fe)(ge) = (fg)e s E C Z(S) oz f5 = fesgt = ge o5 wijls

095w €0 € B ja lp Sygo cnl 0 S = UeepHe 5 33k niycnSile 35S 0 5o S0 5 oS (25 FV apad
H.H, = He sHe Hp C Hep oyls uizman sl S5l 53 050Sils 0,505 05 50y o T = Ue<e, He
ans SySy T < el 9818\ < e 1wl S ey Sein; o T = Ue<e. He = {51 85" < €.} degarmo .l
».\Sb.)‘sa
(5y87) (sysy)"e. = s\(sysy™) s\" e
= s5,8\(sysy")e.
= sysy(sysy™)
= s(sysy)sy"
= (s15v) (518¢)"
sl s\ €T 5\ (5,7)" = 5y"5y = 518" < €. Bbjlssysy € T an (5157) (518¢)" < e
09,5 09,5 py o aS canl e, G A = {[s] € Gg: 85" < €0 } LG JowuSk 05,5 Coupon pgas a5 opl 4
S o0 S 50 1y 5 s el T3l sgae Jols A o 6502 oD 2wl [€0] Slea LGg i onSilo

o A = Gr, o(s]) = [e.s].

s€.f8) = e foy nlpln 8y = foy wls of € E(S) S sl o1 [51] = [Sy] 51155 coesl Gy i oes sl )
ol eizeen leo syl = leas\ 110 fe.sy = fe.sy

p([st]) = [e.st] = [ecse.t] = [e.s][e.t] = p([s])e([])

S 3 el (5,0 @ cplplo [S] = [t] o feos = feot a5 sbas s)ls 0929 [ € E(S) oKl [e.s] = [e.t] 314
L] o u,..o-;gT 1 g canl s 1 Silo Gr el b sl u,‘.o,uA ey QT 09,5 ) SGS ol&T el 2 5 Slee
~He = Hg W‘i)b € € E PL Lg‘)g Oy U“‘ B S = UeeE He 5_»..:[; 05;0.:.3&5 W.M_Yua)s 0\" MS
wb s He ={[e,s] : @8 <s &(ss") =V} Gslob s oLl

[ s][et] = [6st], [Ee =), [6s] ) =[5

S oo B 5o 1) py S
n : He — He, n(s) = [e,s].



o 5985 09 5 0d S Slax slaolgeg S (6 pdy nSShee

plplwE(e) = ) 85" = e.es = et Sypo cpl o5 =1 g8,t € He oS (6,3 ] o ymiogs oLl sl
n(s) = n(t) 14 [e, s] = [e,1]

S s 5k o)l 0525 f € E(S) o o [6,8] = [6,1] @50 cnl 2 () = () oS 28 0 o S s gl
oo o 51 € He Sybjlef =elpl fs=ftse(f) =)

s=es = (ef)s=-e(fs)=e(ft)=(ef)t =et =t.

es(es)” = e gmess® =elbe < $5° me(85%) =\ Ojpo ol 06, 8] € He oS (6,80 olig il 6l
O ol oy 551 G5 ,en M(€S) = [€,es] = [e,5] es € He L
ol g @S G =T 12 S jg0 opl 40 b AT 5)l509,5 o G oS o3 Y

UNGY = {y} mo s o sl a1 (92 a5 canl 09290 U aisle GP 51y Jols b degarmo o oKy € G 31 0Ll
Slis g0l 0 il 3 5aSiles He 05,5 € € B o ol 5 0l 0,505 055105 S35 = UeepHe oS 28 V.Y o
WIS o oo ) bulpd 10 5 0 ls 52 {@n} wile G(E, S) = Ueep He 8)l505,5 25 53, &5 5|

el Jlogls e — ZyeHg on (U) | e

‘ZyeHE(pn(y) - \ p,{)‘-) n€N56 S E).m‘_gb.)(u)
on (Y '2) —@n (@) | Wisy € G(E,S) o ¢l @

Lol Hho 4y | Ko Er(z):r(y)
GS € 1N (He) p s opdeas oo S92 90 {9} aile F.Y s o alite sl puSilio 51 slallis e s piyinSlos oo 4 L]
@y &b n €Ny el wloe {h€ He 1 gp(h) > o} acsomes|gnl = D ey gn(h) =\ gn(h) >
S oo B 50 ) Oygen |,

©n 0 He = [0, 03], ¢, ([€,s]):= gy, (es).
SE(f) = \ S sbas s)ls 0929 [ € E aiile sgic Sygo onl 0 [€,8] = [€,1] puiS L8 o] (o he> ca
es=eét e < [ e Jbfs=ft

S o0 Ly S |y o (eS|

on | Heslo+ 00, waly) =¢i(y) (v € He).
eck

a5 ol 39> g0 Lg.))éd..gj.«me e FE Say S UeEE Hg,&: 6‘)‘.’ ‘Hg 61‘“""5; OO I""b)‘ Jlo> J,:JD LY 45@4}93
oS sz 1nt @lp ey bl wb oesly € He

Y ellesl= Y el = S giles) = 3 g5 (h) =

[é,s]eHE [E,S}EHE escH, heH,
Yy =t s y=[6,1] o cul sgzge t € S olSSTy € Hy 3

ol 9T = [€,5] a5 el 09290 § € 5 S0 g € He oK1 ar(x) =1(y) S

S le, ) —eal@)] = Y len(let ][ 5] — wnlfe s))]

IEGH@ [EVSJEHE
= Z "PN([EJAS] — en([e, s])]
[e,s]€Hzs
= Y lgn(ets) — g (es)|
e<ss*

= |ltgn —gnl| — .



\\9 \fOY ‘\ o)La.&‘\ o)5dngoﬁ)l55o)“Aj|6Lm)¢:.>

Gl 55 X = GU) Ly w5 o o lile pgo ol 1o G = G(X,5) 057 45 sl 53 4 o5 gam i 0Ll ol
wl J8> X o E.:={€ : e € E, } aSssba culogge Bo ok E 5l o))l degommap) g Conl pgo

loass Slil 6,55 g, a YT 512X W s 5 80a8 g0

ol 3 il pdSile He 09,5 € € E jn (sl 45555t ail 5,585 05 5105 S0 S = e He o5 (26 AY apd
el plonSile G = G(X,5) @50

o {on} asle Gllss VY o ol il X s J8s hles degemen; o Eo = {€) , 8y , B¢ ;e } oS Loy -l
s Seon ([€i, 8]) = o el [€, 8] € Hey s n € N o gl aSisy5ba el 05250 G(E,, S) = U2\ He
laf€; , s 5 ol olows
On oedlyz oo sl a5 Ui | Hey ol plis sl S He, @ € N o gl 52 oo S o0 S5 0 2 [, € N 451
pr2on )3 251 €N jagly S a0 VY add Lyl 0 S5 9bts 0020 oo P 0 G = [0, )] Uy b S 20
oS oo LS X1 55 B gaugle 00,08 5L sladcgarman; s Ay = {m eN: m < i,e, <e}
Ui=De,e; i, =127 € Xt 2(e;) =V, z(e)) = (i) = ... = x(ey,) = }
ol B> X 3 E. g ol 05,23 U”Qu,?, ol B sl Gty So {Ui }ien eoos Ai = {iy, iy, o yiv} ol 0 a8
oy oalss it 55 X sl {Ui}ioy cnlale
oS oo i3y JSea LV (1< J Ui EUj 56 € Uy v azg b

Vi= |J DUis)

[€i,s]€ He,

asle Jop Ulis S 951 € Uy oS el ogrgei € NSz € X 2 lp He, C Vgl Ui alaw Vi peis o
oS B 0l | Sen T4 {€) ) &5 oS e sl {e; }

Dy ([, 5]) == limsup;pn([ej , 5])

€ S iy s ot sosme by L — m5€ — x SO, ([x,8]) € [0, )]0 < SDn([Eh ])

limsup;pn([€; ,s]) = limsup;pn([f; ;5] ).
Qi"““):ré}éd.‘SOn_\ ((—o0, b))m‘)@n_\ ((b, +00)) = 0 o2 4 1S oo LSl as b 9o o )0 € R wils i 5D
Jolis 55 6lo J (6l a5 awn (52| He, 50 5k sloasgaze Vi N 07 (b, 400)) s Vi 07 ((—00, b)) 125 e
(asien [f5 5] 5[€) , 5]
el @ € [0, V] o sl @ b on Jys cax

2,7 (0, +00)) = ﬁ e (a3 )

oo bl I oalite slass a0 Hy 59, Py ool ol % (I)n([xa S]) < (I)n([éi73]) < (I)n([x7 S]) p0ld € 5l g sl
oS ol g0l € NS0 <€ ya gl o1 Dy ([, 55])\ # 0 pesbazsls j =V, Y, ..., m gl STl

®u([eis s5]) < Pullz, 55]) < Pulfes, s5]) +

Slo

‘QJ)L)UMJ
0
Z ([x,s5]) <\ +e

onlple

o
Z@n T s] =\.
7=\



VY 5985 09 5 0d S Slax slaolgeg S (6 pdy nSShee

el 1€ Nl can ly cales 0

©, ([, "s]) <y ([z,t"s]) <®p([es, ts)) +fim
- plS 9
Dy, ([€5, 8]) <Pn([z, s]) <Pn([Es, s]) tem
olple

Z[(L‘,S]EHZ ’(Dn ([m,t“s]) _(D” ([Z,S])’ - Z[&',S]GHEZ- ‘(I)n ([Ei’t_\s]) _(Dn ([éi’s]) H < %

s ojle 4
| fu(@) = fu (@) | < = fu (@) = X gem, |Pn ([2,67s]) =@ ([2,5]) |
w0 <M Gl wiomen
| fa(@) —fm (@) < [fa(@) —fa@)|+| fu(@) — fu(E)]

+ (@) = fm &)+ ] fm (&) — fr (2) |-
1, J sl s e (1S Ws {fn ()} 5 el Son {Gi} Alos ol atwgn G (E., S)=U Hs, s, frn 03>
s 5 {fn (Ej)}n olpte fn(@) =0 wlo @ o 6l VY o s ) | fn (@) —fn (éj) ‘ <\§c Pl S5
s | [ (@) —fn (2) | <€ cutls odlss o | [ (€)) —fim (8)] <§ woils Shp b 11, M (6l (o sl 28

sl 1, K0 e el (38 Wi S { frn () } a5 ol ime )l
oo =400 28s ams o fr () —o alply fu(8i) —0 0,08 18 sl 0z

> @0 ([wt [z, 8]) —@n ([, 8]) | — .

[z,s]€EHy

O]

2 Sppo il o bl oSl ol Sl 8)lses8 G a5 il 2,50lS 09 S0 S0 S = Ueep He oS 2 ALY il
el 35 5SSl H, 09,5

oS o0 o |y s @l Jlo oS oo isl i e € B gas s L o, L3888 0 sadpshe { @} Alss ol
gn : He — [o, +00]; gn (h) =|®, ([€;,h])|, (h € He).

ol azsls g [€, 8] = [, h] a5 sbas cul 59240 3 305 i h € He So[€,5] € Hg ,» sl

gy = D [®n(fes]) =\

heH, [e,s]€eHe
o b€ He o olp uizmen
g = oull = 3 [l 5] I ()
[e,s]€He
< Y (e ([ets]) — @ (s = o
[E,S]EH@



\\/\ \f°Y a\ o)La.&‘\ o)5a‘Lmoﬁ)lS5a)'|\.\J|6Lmﬁ_.>

O Sz Blses S st 0,0 pAUGShe JlorSle 05,5 05 o a5 mjsloe mBonSilon 9,580 09,5 0ed Syl o el o
el il Sile

Ry 0Silie 25808 05 S0 3 S g0 cnl 50 S = FyU{o ) pomo co 1,5 il also g0 L oliTog S Fy S (55 VoY Jlia
OeSle 2 eansl
po 12(8) — €, p(f) = f()

G =Fr U{\} olex 55 By (05 niilinSile Jdo 4 5 E(S) = {eq, o} pyls b ol o el bl
el 23beSls

References

[1] Berglund, J.F., Junghenn, D., & Milnes, P. (1989). Analysis on Semigroups, Function Spaces. Wiley-
Interscience and Canadian Mathematics Series of Monographs and Texts, Vol. 10, John Wiley, Sons.

[2] Day, M.M. (1957). Amenable semigroups. {llinois J. Math, 1, 509-544. DOI: https://doi.org/
10.1215/1jm/1255380675.

[3] Exel, R., & Starling, C. Amenable actions of inverse semigroup. arXiv: 1411.2506v2 [math.OA].
DOI: https: //doi. org/lO .48550/arXiv.1411.2506.

[4] Lalone, S.M., & Milan, D. (2017). Amenability and uniqueness for groupoids associated
with inverse semigroups. Semigroup Forum, 95, 321-344. DOI: https://doi.org/10.1007/
s00233-016-9839-0.

[5] Paterson, L.T. (1999). Groupoids, Inverse Semigroups, and their Operator Algebras. Birkhaiiser, New
York. DOL: https://doi.org/10.1007/978-1-4612-1774-9.

[6] Renault, J. (1980). A groupoid approach to C*-algebras. Lecture Notes in Mathematics, Vol. 793,
Springer, Berlin. DOI: https://doi.org/10.1007/BFb0091072.

[7] Runde, V. (2002). Lectures on Amenability, Lecture Notes in Mathematics. Vol. 1774, Springer,
Berlin. DOI: https://doi.org/10.1007/b82937.

[8] Sakai, K. (1994). On inner amenability of Clifford semigroups. Proc. Japan Acad, Ser. A Math. Sci,
70, 123-127. DOIL: https://doi.org/10.3792/pjaa.70.123.


https://doi.org/10.1215/ijm/1255380675
https://doi.org/10.1215/ijm/1255380675
https://doi.org/10.48550/arXiv.1411.2506
https://doi.org/10.1007/s00233-016-9839-0
https://doi.org/10.1007/s00233-016-9839-0
https://doi.org/10.1007/978-1-4612-1774-9
https://doi.org/10.1007/BFb0091072
https://doi.org/10.1007/b82937
https://doi.org/10.3792/pjaa.70.123

Measure Algebras and Applications

Some results on resolutions of the identity in Hilbert spaces

Zohreh Aghamir Mohammad Ali’

1. Department of Mathematics, University of Qom, Qom, Iran. Email: z.aghamir@yahoo.com

Article Info ABSTRACT

Article type:
Research Article

Article history:
Received: 12 August 2023
Received in revised form:
21 September 2023

Accepted: 26 September 2023 In this paper, some new results on resolutions
Published Online: of the identity, atomic systems and frame-like
30 September 2023 systems for subspaces of a Hilbert space are ob-

tained. In particular, their sums and their stabil-
Keywords: ity under the action of invertible operators are
Hilbert spaces, considered.

Resolutions of the identity,
Atomic systems,

Frame-like systems

2020 Mathematics Subject
Classification:
42C15

Cite this article: Aghamir Mohammad Ali, Z. (2023). Some results on resolutions of the identity in
Hilbert spaces. Measure Algebras and Applications, 1(1), 119-127.
http://doi.org/ 10.22091/MAA.2023.9766.1010

@ @ @ ©The Author(s). Publisher: University of Qom
DOI: 10.22091/MAA.2023.9766.1010



https://orcid.org/0009-0008-2685-6073

Extended Abstract

Introduction

A discrete frame is a subset of a Hilbert space indexed by a finite or countable index set satisfying two
inequalities for every element of the Hilbert space. In 1952, Duffin and Schaeffer introduced discrete
frames when they were studying some problems in nonharmonic Fourier series ([0]). The continuous

version of discrete frames was proposed by Kaiser in [ 10] and independently by Ali, Antoine and Gazeau

in[l].

Definition 0.1. Let (2, 1) be a measure space and let H be a Hilbert space. A weakly-measurable
mapping F . Q — H is called a continuous frame for H with respect to (2, p) if there exist constants
0 < Ap < Bp < oo such that for each f € H, we have

ArlIfII? S/QI(LF(M))IZdu(M < Br| I

The positive numbers Ar and Br are called the lower and upper bounds of the frame, respectively. The
mapping F is called tight if Ar = B and if Ap = Bp = 1, it is called a Parseval frame. If only the

second inequality is required, we say that F is a continuous Bessel mapping.

As we see, continuous frames are defined using a measure space, i.e., the indices are related to some
measurable space, so every discrete frame can be considered as a continuous frame using the count-
ing measure on the index set. Although there are many similarities between continuous and discrete
frames, continuous frames can behave completely different from the discrete ones (for example, con-
tinuous frames are not necessarily norm bounded). Both discrete and continuous frames have great ap-
plications in pure and applied mathematics, particularly they are useful in signal processing. Indeed,
each frame possesses at least one dual and the existence of duals facilitates the reconstruction of signals.
For more information about continuous frames and their duals, we refer the readers to [8, 13] and the
references therein.

Let F': Q) — H be a Bessel mapping. Then, a Bessel mapping G : 2 — H is called a dual for F' if

(fq) = /Q (f, F(@))(G(x), g)du(x), 0.1)

for each f, g € H. The equality (0.1) can be written weakly as
F= [ F@)G@). (e

Now, we define the function 7 : @ — B(H) by 7(z)(f) = (f, F(z))G(x). Hence, for each f € H, we
have

;= /Q () (f)du(a).

Indeed, using the function 7, every f in the underlying Hilbert space can be reconstructed. The operators
like 7 are so valuable in frame theory. In fact, the crucial role of these operators caused the appearance of
some important concepts such as resolutions of the identity, local atoms and atomic systems of subspaces,
see [2], 3], [41, [5), [ 71, [9], [ 11] and the references therein.



Conclusion

In [12], using some real numbers as parameters, some new versions of resolutions of the identity, atomic
systems and frame-like systems for subspaces of a Hilbert space were introduced. The new versions
cover many of the notions related to atomic systems and resolutions of the identity, also, the existence of
the parameters provides more flexible tools for the reconstruction of signals. Also, it was shown in [12]
that there are close relationships between the new notions and some generalizations of frames and fusion
frames.

In the present paper, these concepts are focused and some new results are obtained.

AR
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Extended Abstract

Introduction

Biprojectivity of Banach algebras as an important homological notion arise naturally in Helemskii’s works
in the 1980s, interested readers are referred to his comprehensive book [5]. We begin with recalling its
definition. A Banach algebra A is called biprojective if there exists a bounded A-bimodule morphism
p: A — A®A such that 4 o p(a) = a. This concept closely related to the notions of contractibility
and amenability introduced by Johnson [8, 9]. The notion of -amenability was introduced in [10] and
independently in [13]. Let A be a Banach algebra. For a fixed nonzero multiplicative linear functional
v € A*, we call A left p-amenable if A possesses a left p-mean, i.e., a bounded linear functional m on
A* satistyingm(p) = Land m(f-a) = ¢(a)m(f) foralla € Aand f € A*. A Banach algebra is called
character amenable if it is left p-amenable for all ¢ € A(A) and it has a bounded right approximate
identity. Character amenability of some Banach algebras associated to a locally compact group and their
second duals were studied in [0, 13]. Character amenability of Lipschitz algebras was studied by Dashti
et al in [1]. Here, we remind that A is p-inner amenable if there exists a bounded net (a,) in A such
that aa, — aga — 0 and p(a,) = 1 (or equivalently ¢(ay) — 1) for all @ and @ € A [7]. Some
examples of y-inner amenable Banach algebras are commutative Banach algebras, character amenable
Banach algebras and Banach algebras containing a bounded approximate identity. In this paper, we are
going to define and investigate the concept of A**-biprojectivity for any Banach algebra. We obtain the
relation between this definition with amenability and p-amenability. After that, we characterize A**-
biprojectivity of Lipschitz algebras A = Lip, (X ), where X is a compact metric space and 0 < o < 1.
Finally, we study this new concept for triangular Banach algebras.

Conclusion

In this paper, the following definitions are stated:

Definition 0.1. A Banach algebra A is called biprojective if there exists a bounded A-bimodule morphism
p: A — ARA such that 74 o p(a) = a.

Definition 0.2. A Banach algebra A is called left p-amenable if A possesses a left p-mean, i.e., a bounded
linear functional m on A* satisfying m(¢) = 1L and m(f - a) = @(a)m(f) foralla € Aand f € A*.

Definition 0.3. A Banach algebra A is called A**-biprojective if there exists bounded A-module mor-
phism p : A — A™*QA** such that for all a € A

T o pla) = Kka(a).

Definition 0.4. Let A be a Banach algebra and ¢ € A(A). A is called p-inner amenable if there exists
a net (mgy,) in A such that for all a € A

amq, — p(a)mq — 0, o(mg) — 1.
Also, the next theorems are presented:

AR



Theorem 0.5. Let A be a Banach algebra with a bounded approximate identity. If A is A**-biprojective,
then A is (pseudo-)amenable.

Theorem 0.6. Let G be a locally compact group. If L' (G) is L' (G)**-biprojective, then G is amenable.
Theorem 0.7. Let A be a Banach algebra. If A is A**-biprojective, then A% is dense in A.

Theorem 0.8. Let A be a Banach algebra and p € A(A). If A is p-inner amenable and A**-biprojective,
then A is left p-amenable.

Theorem 0.9. Let G be a locally compact group. The algebra M(G)SLY(G) is (M(G)RL(G))**-
biprojective if and only if G is finite.

Theorem 0.10. Let X be a compact metric space and 0 < o < 1. Lipo(X) is Lipo (X )**-biprojective
if and only if X is finite.

Theorem 0.11. Let A be a Banach algebra and ¢ € A(A). If A is p-inner amenable, then the triangular
Banach algebra T is not T **-biprojective.
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