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Extended Abstract

Introduction

Let G be a locally compact topological group, then by [6], there exists a Haar measure 1 on the Borel
o-algebra. Suppose that H is a closed subgroup with non-zero measure, i.e., u(H) # 0. Define the

measure p g7 on Borel subsets by
uwDNH)
pr (D) = ————=
n(H)

In this paper, we define the relative commutativity degree of subgroup H as follows:

Pr(H, G) = jus % p(C) = /G el () (o)

where C' = {(z,y) € G x G | xy = yx} and p is the normalized Haar measure on G. We will show that
1 / 1
—— | p(C yd,uy—/uC’Ga: du(z).

Using the above result, we will prove that

Pr(H,G) =

Pr(G) < Pr(H,G) < Pr(H),

and if H is a non-normal subgroup, then both of the above inequalities are strict. Also we will state some
necessary and sufficient conditions such that the equality holds in the above inequalities.
In Section 4, we will find upper bounds for the relative commutativity degree of a subgroup. In fact,

it will be shown that
u(H) + u(Z 0 H)

2u(H)
We will show that Pr(H, G) < 2 and if H is non-abelian, then Pr(H, G) <
examples of groups for which these upper bounds occur.

Pr(H,G) <

g and we will provide some
Finally, we state a theorem about the groups that reach these upper bounds, in particular, we will show

that if Pr(H, G) = 2, then
H

Z(G)nH
and if Pr(H, G) = £ and H is non-abelian, then
H
Z(G)NH

~ 7,

> 7o X L.

Conclusion

In this article, we defined the notion of relative permutation degree for a subgroup in a compact topologi-
cal group and examined some properties of this concept for these groups. We observed that the properties
that hold for finite groups also hold for compact topological groups. In fact, since finite groups have the
discrete topology, the definition in the finite case can be considered as a special case of the above defi-
nition for compact topological groups, and the results obtained for finite groups can be seen as a special

case of the results obtained for compact groups.
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Extended Abstract

Introduction

Let g be a function in L?(IR) and a, b be two positive constants. The collection { E,,,5Tha 9}m,nez Where
B f(z) = 2™ £ (1) and T, f () = f(z —na) is called a Gabor frame in L?(R) if it is a frame for
the Hilbert space L%(R).

Gabor frames, introduced by D. Gabor in 1946 (see [7]), have been extensively studied. One of the most
important results for Gabor frames is the Ron-Shen duality principle that precisely characterizes Gabor
frames. It states that for every g € L*(R) and a,b > 0 with ab < 1, {E;pThag monez is a frame with
bounds A, B for L?(R) if and only if {\/%E%T% 9}m.nez 1s a Riesz sequence with bounds A, B.

For a generalization of the duality principle from Gabor frames to abstract frame theory, the concept of
R-duality with respect to orthonormal bases was defined as follows (see [10]):

Let (e;)jen and (h;);en be orthonormal bases for a separable Hilbert space 7. Let (f;);cn be a sequence
such that for every j € N, .. [(fi, €j)]? < oo and

wl = > (fires)hi.

€N

The sequence (w]f )jen is called the R-dual sequence of ( f;);en with respect to (e;) jen and (h;)ien.

Conclusion
The main results of this paper are:

Theorem 5.1. Assume that T is a subset of N. Let (e;)jez and (h;)ict be Riesz bases in H and (f;)icz
be a sequence such that Y, .7 |( fi, j)|* < oo, for every j € I. Then, the following statements hold.:
1. Foreveryi €T
fi=Y (Wl e,
JET
where (€;)je1 and (hi)icr are the canonical dual frames of (ej)jez and (h;)iez, respectively.

2. (fi)iez is the R-dual sequence of(w]f)jez with respect to (i;i)iel' and (€5) jez.

Theorem 5.2. Let (f;)icz be a Bessel sequence with Bessel bound A, (h;)ict and (e;) jez be Riesz bases
in H and M be defined as

M:H—H
M(f)y =" (i, i
i€

If(w;)jg is the R-dual of ( f;)ic1 with respect to (h;)icz and (e;) jez, then (w{)jez is a Bessel sequence

in ‘H. Moreover, the following statements are equivalent:

1. R(M) is closed and M is injective.

\Y



2. M is bounded below.
3. (fi)iez is a frame in H.
Theorem 5.3. Let (f;)icz be a Bessel sequence in H and let (h;);c1 be a Riesz basis in H. Let M be

M:H—H

M(f) = {fi [

1€l
Then M : H — H is an invertible anti-linear map if and only if (f;)icz is a Riesz basis in H.

Theorem 5.4. Let F = (f;)icz and G = (9;)ie1 be frames in H and (h;),cz and (e;) ez be Riesz bases
for H. Suppose that

My(f) = (fis )b, M (f) = gi, F)hi,

i€l 1€T

and

Sralf) = S f, Fiha
€L

Then the following statements are equivalent:
1. F = (fi)iez is an alternate dual frame of G = (g;)icz-
2. S]:’g = Sg,]: = Idy.

3. (Mi(ej), Ma(ey)) = d;i for every j, k € L.

\O
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Extended Abstract

Introduction

Hilbert space frames were originally introduced by Duffin and Schaeffer to deal with some problems
in non-harmonic Fourier analysis [8], [7]. Frames can be viewed as redundant bases which are gener-
alizations of Riesz bases [3], [4], [5], [6], [2], [12], [12],[17]. This redundancy property sometimes is
extremely important in some applications such as signal and image processing, data compression, and
sampling theory.

In recent years, many mathematicians get significant results by extending the theory of frames from
Hilbert spaces to Hilbert C*-modules. Hilbert C*-modules are generalizations of Hilbert spaces by allow-
ing the inner product to take values in a C*-algebra rather than in the field of real or complex numbers.
They were introduced and investigated initially by Kaplansky (see also [11, 15]). Frank and Larson
[9] introduced the concept of frames in finitely or countably generated Hilbert C*-modules over a uni-
tal C'*-algebra. The second author and B. Khosravi in [12] introduced modular Riesz bases in Hilbert
C*-modules and showed that they share many properties with Riesz bases in Hilbert spaces. Frames in
Hilbert C*-modules are called Hilbert C*-modular frames or just simply modular frames. Recently, Be-
mrose, Casazza, Grochenig, Lammers, and Lynch in [3] (see also [5], [14], [18]) introduced the concept
of weaving frames which is motivated by a problem regarding distributed signal processing.

Let { f; }icr and {g; }ic1 be two frames for a Hilbert space H. {{ fi}icr,{gi}icr} is said to be woven
if there are universal constants A and B so that for every subset o of I, the family { f; }ico [J{gi }icoe, 1S
a frame for H with lower and upper frame bounds A and B, respectively. The family { f; }ico (U{gi }icoe
is called a weaving, for more details see [5]. {{fi}icr,{gi}icr} is called partition-woven, or simply
P-woven, if there exists a nonempty proper subset o of I such that { f;}ico (J{gi}icoc is a frame (see

[5D.

Conclusion

In this paper, the following definitions are stated:

Definition 7.8. A pre-Hilbert A-module is a left A-module H equipped with an A-valued inner product
() : Hx H— A, such that

(1) (x,x) > 0 forall x € H and (x,x) = 0 if and only if x = 0,

(13){x,y) = (y,z)* forall z,y € H,

(7i1) (ax + y, z) = alz, z) + (y,2) foralla € Aand x,y,z € H.

Definition 7.9. Let A be a unital C*-algebra. A sequence {x; : 1 € 1} in H is called a frame for H, if
there exist two constants 0 < C < D < oo such that

Clal® <) [z, 2:)|* < Dla?,
el

for every x € H, it is called a tight frame if C = D, is called a Parseval frame if C = D = 1 and is

called a Bessel sequence, if the right-hand side inequality is required.

Yy



Definition 7.10. (i) A frame {z; : i € 1} for H is called a Riesz basis if x; # 0 for each i € I and
Y ics @ix; = 0 for coefficients {a; : i € S} C A, S C I, implies that a;x; = 0 for each i € S.

(ii) Let {x; : 1 € I} C H be a sequence in H. We say that {x; : i € 1} is a modular Riesz basis, if
there exists an invertible U € B({3(A), H) such that for every {a; : i € I} in (3(A), U(X,c; aie;) =
> ics @i, where {e; : i € I} is the standard orthonormal basis of (3(A).

Definition 7.11. A sequence {x; : i € 1} in H which is a frame for its closed A-linear hull is called a
frame sequence. If every subsequence of {x; : i € I} is a frame sequence, we say that the frame has the
subframe property. If {x; : i € I} is a frame for H with the subframe property and additionally there
are uniform upper and lower frame bounds for all subsequences of the frame, then we call {x; : i € I}

a Riesz frame.

Definition 7.12. A family {azi 21 € I} forj =1,2,...,m of frames in H is called woven, if there exist
constants C, D > 0 such that for every partition P = {01,049, ...,0m} of I, {xf ri€0,)=1,2,...,m}
is a frame with bounds C, D. Each family {xf ti€0j,5 =1,2,...,m} is called a weaving.

Definition 7.13. (i) A family {:BZ c1 €1}, 7 =1,2,...,m of Bessel sequences in H is called a P-woven
[frame, if there exists a partition P = {01, 09, ...,0m,} of I such that {azz ri€05,j=12,...,m}isa
frame for H.

(13) A family {xz 24 € I} for j = 1,2,...,m of Bessel sequences in H is CP-woven, if there exists
a partition P = {01,029, ...,0m} of I such that for each permutation (A1, A2, ..., \p) of {1,2,...,m},
{:ci 11 €0y,,J =1,2,...,m} is a frame for H.

Also, the next theorems and propositions are presented:

Theorem 7.14. Let {x; = Ue; : i € I} be a modular Riesz basis. Then

(i) {z; : i € I} is a frame with synthesis operator U and with a unique dual frame {(U*)~Y(e;) : i € I},
which is a modular Riesz basis.

(1) If Y ;cp aixy = O, for some {a; : i € I} C A, then a; = 0 for eachi € I.

(i) If' Y ;e aizi converges for some {a; :i € I} C A, then {a; : i € I} € (3(A).

(iv) There exist 0 < A < B < oo such that for every {a; : i € I} € (3(A),

A

2
g aiZ;

il

D lail

i€l

B> lail®

i€l

Theorem 7.15. Let {z; : i € I} be a frame for H with analysis operator T : H — (%(A). Then the
following are equivalent:

(1) {x; : i € I} is a modular Riesz basis.

(i3) T* : £2(A) — H is one to one.

(131) {x; : i € I} has a unique dual frame.

(iv) There exist positive constants A, B such that for every {a; : i € I} in (3(A),

A

2
E ;T

il

D lail?

iel

B> lail®

iel

Proposition 7.16. Every modular Riesz basis has the subframe property.

v¥



Proposition 7.17. Let {xf ci € I} for j = 1,2,...,m be a woven frame for H and Q € B(H) be
surjective. Then {Q:L‘i c1 €1} forj =1,2,...,mis a woven frame.

Theorem 7.18. Let {xi 21 € I} forj =1,2,...,m be a woven frame with bounds C, D. Suppose that
J C I for which there exist a constant 0 < E < C and a partition P = {0'1, 0/2, - o;n} of J such that
foreveryx € H

ZZ\ DP<Elz].

Then {xf cieI\J}forj=1,2,...,mis awoven frame for H.

Theorem 7.19. Let {xf s i € I} be a frame with bounds C, D; for each j = 1,2, ...,m such that there
exist a constant 0 < E/ < ZTZI Cj and a partition P = {01, 09, ...,0m} of I such that

SY ) P<Blaf (e,

Jj= 1'L€cr
Then {xf ci €I} forj=1,2,...,mis aP-woven frame.

Theorem 7.20. Let {xi i € I} be a frame for H with frame operator S; for each j = 1,2,....m
Assume that there exist a constant 0 < E < m and a partition P = {01,049, ...,0m } of I such that

1

ZZ\ (z,S; %)) P< E|x 2,

j= 1160

[un

for every x € H. Then the family {5’ 2 f iel},j=1,2,...misaP-woven frame for H.
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Extended Abstract

Introduction

Let H be a Hilbert space and let I be a finite or countable index set. A family F = {f;}icr € Hisa
discrete frame for H, if there exist 0 < Ar < Br < oo, such that

AF|FIP < DO WE ) < BxI£IP,
icl
for each f € H. The sequence F is called a Bessel sequence if only the second inequality is required
(see [0]).
Let (2, 1) be a measure space and let H be a Hilbert space. A weakly-measurable mapping F' : Q —
‘H is called a continuous frame for H with respect to (€2, i) if there exist two positive constants Ap, Bp
such that for each f € H, we have

Ap|lfI? < /Q (F, F(@))Pdu(w) < Brl fI%

If only the second inequality is required, we say that F' is a continuous Bessel mapping.
Suppose that F' : Q — H is a continuous Bessel mapping. Then the operator T : L*(Q, ) — H
weakly defined by

(Tre, f) = Jq pW)(F W), fldpw), ¢ € L(Qp), f€H,

is well-defined and bounded with ||Tx| < +/Bp. Indeed, [, ¢(w)F(w)du(w) is an element of  and
T can be written as Tr () = [, ¢(w)F(w)dp(w).
The operator T is called the synthesis operator of F' and its adjoint which is given by

T H = (), (Tpf)(w) = (f,F(w)), weQ feH,

is the analysis operator of F'.

A Bessel mapping G is called a dual for F' if T¢T}. = Idy and if ||TgTj. — Idyl| < 1, then G is
called an approximate dual of F'. For more results on continuous frames, see [1, 8, 10].

For each i € I, let H; be a Hilbert space. In this paper, L(#, H,;) is the set of all bounded operators
from H into H; and L(H, ) is denoted by L(#H). We call A = {A; € L(H,H;) : i € I} a g-frame for
H with respect to {#,; : i € I} if there exist two positive constants A and B such that

AIIFIP <D INFIP < BIIFIP,
icl
foreach f € H. If only the second inequality is required, we call it a g-Bessel sequence with upper bound
B. If A = B, A is called an A-tight g-frame (see [23]).

Let A = {A;}ier and T' = {I'; };¢1 be two g-Bessel sequences in a Hilbert space H and let Sty f :=
> icr iAif. We say that A and I are approximate g-duals if || /d3 — Sra|| < 1. In this case, I' is called
an approximate g-dual of A (see [7]).

Hilbert C*-modules are generalizations of Hilbert spaces by allowing the inner product to take values
in a C*-algebra rather than in the field of complex numbers.

Let 2l be a unital C*-algebra and suppose that F is a left 2-module such that the linear structures of
2l and E are compatible. Then E is called a pre-Hilbert 2(-module if F is equipped with an 2(-valued
inner product (-, -) : F x E — 2, such that

AN’



(i) (ax + By, z) = alx, z) + By, z), foreach o, 5 € C and x,y, z € E}
(ii)) (azx,y) = a(zx,y), foreacha € A and x,y € F,
(iii) (x,y) = (y,z)*, foreach x,y € F,
(iv) (z,x) >0, for each x € F and if (z,x) = 0, then = 0.

For each x € E, we define ||z| = ||(z, z) H% If E is complete with ||.||, it is called a Hilbert A-module
or a Hilbert C*-module over 2.
Let E be a Hilbert A-module. A family F = {f;}ic; C FE is a frame for E, if there exist real
constants 0 < Ar < Br < 00, such that for each x € F,
Ar(e, ) <3 (@, f) (i) < Brlz, ).
iel
If the second inequality is required, F is a Bessel sequence. If the series ) . (x, f;)(fi, x) is convergent
with respect to the norm, then F is called a standard frame (see [8]).

Let F = {fi}icr and G = {g; }ics be standard Bessel sequences in E. Then we say that G (resp. F)
is an alternate dual or a dual of F (resp. G), if x = >, ;(z, f;)g; or equivalently x = >, (z, g:) fi,
foreachz € E.

Let £(E, E;) be the set of all adjointable operators from E into E;. A sequence A = {A; € £(F, E;) :
i € I} 1is called a g-frame for E with respect to {E; : i € I} if there exist real constants Ay, By > 0
such that

Ap(z,x) < Z(Aix,Ai@ < Bp(z,x),
il
for each z € E. In this case, we call it an (Ap, By) g-frame. If only the second-hand inequality is
required, then A is called a By-g-Bessel sequence (see [12]).
Let F and F be Hilbert C*-modules over C'*-algebras 2l and B, respectively. Let o : 2l — B be a
morphism of C*-algebras. A map ¢ : £ — F'is said to be a p-morphism of Hilbert C*-modules if

(9(2), 9(y)) = ¢((z,9)),

for each z,y € E (see [3]).

Conclusion
The main results of this paper are:
Theorem 10.13. Let T and S be two isometric operators on Hilbert spaces H and IC, respectively. Then

(i) IfT' = {T'; € L(H,H;)}icr is ag-dual (vesp. an approximate g-dual) of A = {A\; € L(H,H;) }icr,
then U'p := {1;T }ier is a g-dual (vesp. an approximate g-dual) of Ap := {A\;T }ier.

(ii) IfT ={0l; € L(H,K)}ier is a g-dual (vesp. an approximate g-dual) of A = {A\; € L(H,K) }ier,
thenT's := {ST; }ic1 is a g-dual (resp. an approximate g-dual) of Ag := {SA; }ier.

Theorem 10.14. Let T = {I'; € L(H,H;)}icr be a g-dual of A = {A; € L(H,H;)}icr and let T be a
bounded operator on H. Then

YA



(i) Tp :={0iT}icr is a g-dual of A := {\;T }icy if and only if T is an isometric operator.
(ii) T'r = {1T}icr is an approximate g-dual of A := {\;T }ic1 if and only if || T*T — Idy|| < 1.

Theorem 10.15. Let F, G : Q) — H be two continuous Bessel mappings. Assume that T is a bounded
operator on H such that T* is isometric. If G is a dual (vesp. an approximate dual) of F', then T o G is
a dual (resp. an approximate dual) of T o F..

Theorem 10.16. Let G : Q) — H be a dual of F' : Q0 — H. Assume that T is a bounded operator on
H. Then, T o G is a dual (resp. an approximate dual) of T o F if and only if T™ is an isometric operator
(resp. ||TT* — Idy|| < 1).

Theorem 10.17. Let E be a Hilbert C*-module andT' = {I'; € £(E1, E)}icr be a g-dual of A = {A; €
L(Ev, E)}icr. Also, assume that ¢I'; and ¢\; are adjointable, for each i € I. Then, I'y := {¢@'; }icr
and Ay := {¢A;}icr are two g-Bessel sequences. If Ty is a g-dual of Ay, then ¢ is an isometric operator.

Theorem 10.18. Suppose that F = {f; }icr and G = {g; }ic1 are two Bessel sequences in E such that G
is a dual of F. If ¢ is surjective, then Gy := {¢(gi) }icr is a dual for Fy := {¢(f) }ier.
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Extended Abstract

Introduction

The concept of entropy of a dynamical system is introduced by Kolmogorov [6] and Sinai [ 5], in ergodic
theory and dynamical systems. The topological versions of entropy are also defined by Adler [1]. Using
some equivalent definitions by Dinabourg [5] and Bowen [2], the two previous versions of the concept
of entropy are connected via the variational principle [5].

Shannon [ 14], McMillan [&¢] and Brieman [3] presented local approaches to entropy. The topological
version of these local approaches is introduced by Brin and Katok [4]. Then, other approaches to the
entropy of dynamical systems, with local nature, are introduced [11, 12].

This paper is also assisted by a new approach to the local entropy of dynamical systems. We first
introduce the concept of diagonal measure corresponding to an invariant measure, and then we define the
information function corresponding to a compact dynamical system.

Finally, we show that the introduced information function is a type of local entropy. More precisely,
we prove that the integral of the introduced information function on the product space, with respect to
the diagonal measure, results in the entropy of dynamical systems.

In Section 2, we present some required preliminaries. In Section 3, we define the diagonal measure
and in Section 4, we introduce the information function and will prove our main theorem. Section 5 is a

conclusion.

Conclusion

In this paper, the following definitions and results are given:

Definition 13.16. Let f : X — X be a continuous map on a compact metric space and p be an f-
invariant probability measure. Let also 1 = | Bx.p)™ dt(m) be the ergodic decomposition of u. The

diagonal measure of 1 is defined as follows:

/1::/ m X mdr(m).
E(X,f)

Theorem 13.17. For any f-invariant measure i, the diagonal measure [i is absolutely continuous with

respect to [

Definition 13.18. The information function I : X x X — [0, oo] corresponding to a compact dynamical
system (X, f) is defined by
I(z,y) := lim limsup j;(z, y; &) (13.1)

k—00 n—oo

where {£, }i;>1 is an increasing sequence of measurable partitions of X such that limy,_, 1 o diam (&) —
0 and

e ) = tloggn(@yi &) dnl@ys &) #0O
]n(xvyvgk) = .
0 Jn(@,y; &) =0
and
-1

Jn (2, y; &) = limsup % > Xer@ (W)

l—00 =0

0¥



The next theorem is the main result of this paper.

Theorem 13.19. Let (X, f) be a compact dynamical system. Then, for every f-invariant measure i we

have
XxX

where h,(f) is the entropy of f with respect to .
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Extended Abstract

Introduction

Frames for Hilbert spaces were introduced in [6]. Let H be a Hilbert space and let I be a finite or countable
index set. A family F = {f;};c1 C H is a discrete frame for H, if there exist 0 < Ar < Br < oo, such
that
AF|FIP < YO WE P < BzIFIP,
iel

for each f € H. The sequence F is called a Bessel sequence if only the second inequality is required.

Continuous frames were introduced in [, 10]. Let (€2, 1) be a measure space and let H be a Hilbert
space. A weakly-measurable mapping F' :  — H is called a continuous frame for H with respect to
(€, p) if there exist two positive constants A, B such that for each f € H, we have

Ar|fI? é/gl(f’F(w)>l2du(W) < Br| I

The positive numbers Ay and B are called the lower and upper bounds of the frame, respectively. The
mapping F' is called tight it Ap = Br and if Ap = Bp = 1, itis called a Parseval frame. 1f only the
second inequality is required, we say that F' is a continuous Bessel mapping. Suppose that F' : Q — H
is a continuous Bessel mapping. Then the operator T : L?(€2, 1) — H weakly defined by

(Tre, f) = Jo e F W), fldu(w), ¢ € L*(Qp),f€H,

is well-defined and bounded with ||Tr| < +/Bp. Indeed, [, ¢(w)F(w)du(w) is an element of 4 and
Tr can be written as Tr () = [, ¢(w)F(w)dp(w). The operator T is called the synthesis operator of
F and its adjoint which is given by

T H = (), (Tpf)(w) = (f,F(w)), weQ feH,

is the analysis operator of F'. The operator Sp = T} is a positive operator and if F' is a continuous
frame, then S is also an invertible operator and called the frame operator of F'. In fact, foreach f, g € H,

we have

(Skf,9) = [o(f, FW)/(F(w), g)dp(w).

A Bessel mapping G such that T T is equal to the identity operator on H is called a dual for F'. A
Bessel mapping G is a pseudo-dual for F' if T T} is invertible. If the distance (with respect to the norm)
between 11 and the identity operator on H is less than one, then G is called an approximate dual of F'.
Let F and G be two Bessel mappings and let Q € B(L?(£2, 1)). The function G is said to be a Q-pseudo-
dual (resp. Q-dual, Q-approximate dual) for F if the operator S g, r defined by S o.r = TaQT}
is invertible (resp. Sg.o.r = Idy, ||Sc,q.r — Idy| < 1). For more results about pseudo-duals and

approximate duals of continuous frames, see [13].

A



Conclusion

The main results of the paper are:

Theorem 18.1. Let F', G be two Bessel mappings and let T € B(H). In this case, TF : Q — H and
TG : Q — H defined by TF(x) = T(F(z)) and TG(x) = T(G(x)) are Bessel mappings. Moreover, if
TG is a Q-pseudo-dual of T'F, then T is right-invertible.

Theorem 18.2. Let G be a Q-pseudo-dual of F and T € B(H). If T is invertible, then TG is a Q-
pseudo-dual of TF.

Theorem 18.3. Let I, G, M : Q — H be three Bessel mappings. Then ' — M : Q) — H and G — M
Q — Hdefined by (F —M)(z) = F(x)—M(z) and (G—M)(z) = G(x)— M (z) are Bessel mappings.
Moreover, if ||Sa.o.m|| < 1 and G is a Q-dual of F, then G is a Q-approximate dual of F' — M. Also, if
< land G is a Q-dual of F, then G — M is a Q-approximate dual of F.

1Sm,.F|
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Extended Abstract

Orlicz spaces, as a very important generalization of Lebesgue spaces, were proposed more than 100 years
ago and were first introduced by Z. W. Birnbaum and W. Orlicz. After that, another generalization of
Lebesgue spaces with symbols X7 instead of LP was introduced in which X is a Banach function space.
In this article, another generalization of Lebesgue spaces is investigated, which includes both previous
generalizations. Although this generalization and preliminary studies of it were published in a scientific
report in 1988, effective research on this generalization was done 15 years ago. Due to the fact that in this
generalization a convex and Young function @ is placed instead of function | - |” and a Banach function
space X is placed instead of space L', in this article, taking into account the conditions of the function

® we will check properties of generalized Orlicz space X ®. More precisely, if we put

Mo ={f:Q— [—o0,+00] : fis u — measurable},

X‘i):{fEMo:Ela>0,®(E|) € X},
S‘p—{feX‘I’:Va>O,<I>(£‘) € X},
S®* = {f € X?: fisastep function},

M@ :‘971)“”@’

considering the conditions on the function ®, we examine the relationship between the above spaces.
Generalized Orlich spaces X ® associated with a functional Banach space like X, considering properties
such as solidity of X, have important and well-known properties in Orlicz spaces and Lebesgue spaces.
By using these properties, many results can be obtained in these spaces. Considering that an Orlicz
space is generalized by X ® and by replacing the space L' with Banach function space X, we can reach
new Banach spaces by placing different spaces in place X. Studying these spaces and examining their
properties, such as conditions of being algebra, the existence of a bounded approximate identity element,

spaceability, and many other cases can be done in the continuation of this research.
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Extended Abstract

Introduction

In Ramsey theory, Schur’s theorem holds significant importance [19]. The simplicity of the problem, as
well as its connection with various areas of mathematics, increases its significance. This theorem states
that in any finite partition of natural numbers, there exist a,b € N such that one of the cells contains
{a,b,a + b}, in the other words, this structure is monochromatic.

In [22], Van der Waerden proved that in any finite partition of natural numbers, one of the cells
contains arbitrarily long arithmetic progressions. In the other words, for any £ € N, there exist a,b € N
such that the structure {a,a + b,a + 2b, ..., a + kb} is monochromatic. This proof provided an answer
to a long-standing open question.

The theorems of Schur and Van der Waerden encouraged researchers to study monochromatic linear
patterns. In 1943, Rado classified all linear structures in the set of natural numbers, leading to significant
results in this field, which we will elaborate on in the following sections. Erdés and Turan, after the
proof of Van der Waerden’s theorem, posed the question of whether every subset of natural numbers with
a positive upper density contains an arbitrarily long arithmetic progression? This question was answered
by Szemerédi in 1974, but in 1977, Furstenberg provided another solution to this problem using dynamical
systems, leading to the creation of a theory known as Ergodic-Ramsey theory, [10]; [11].

The general idea behind Erdés and Turan’s solution to the open problem is as follows: a subset F/
of natural numbers contains an arithmetic progression of length k, i.e., {a,a + d, ... ,a + kd} C E, for
some a, b in natural numbers if and only if a € EN (E —d) N...N (E — kd). Furthermore, it shows
that if E' has positive upper density, then

N
el 3
lmloréng:ld(Eﬂ(E—n)ﬂ---ﬂ(E—k‘n)) > 0. (23.1)

Thus, E contains an arithmetic sequence of length k& + 1.

To establish the relation (23.1), Furstenberg introduced the notion of a correspondence between a
measure-preserving dynamical system and a set with upper density. To delve further into this process,
we need to familiarize ourselves with certain concepts.

Assume that (X, B, i) is a probability space, where B is a o-algebra on the set X and i : B — [0, 1]
is a countably additive probability measure. A measurable map 7' : X — X is measure preserving if
for every B € B, we have u(T'B) = u(B), where T™'B := {z € X : Tx € B}. A quadruple
(X, B, 1, T), where (X, B, 11) is a measure space and 7" is a measure-preserving map, is called a measure-
preserving system. A system (X, B, 1, {1y }4ec), where G is a commutative semigroup, 7, : X — X
is a function, and (X, B, 11) is a probability space, is called a dynamical system over G.

In general, for a given semigroup G and {7} ,cc on the probability space (X, B, u) (i.e., for every
g,h € G, Ty, = T,T}), together with measure-preserving maps, (X, B, i, {1, }4ec) is called a measure-
preserving system or a G-measure-preserving system. Let E be a subset of natural numbers. For the
additive semigroup N, {m € N : n +m € E} denoted by E — n for any n € N.

Furstenberg’s Corresponding Principle establishes a profound connection between measure-preserving
systems and sets of integers. For any subset E of the natural numbers, the theorem asserts the exis-

tence of a measure-preserving system (X, B, u, T') and a set A € B such that the measure of A matches
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the upper asymptotic density of E. Furthermore, the theorem establishes an intriguing relationship be-
tween the combinatorial structure of £/ and the dynamics of the measure-preserving system. Specif-
ically, for any sequence of integers ni,no, - ,nk, the density of the intersection of translated sets
E —n1,E —ng, -, E — nyg is bounded from below by the measure of a corresponding intersection
of translated sets in A. This powerful principle finds its applications through various versions in the
realm of multiple recurrence theory.

Suppose that (X, B, i, T') is a measure-preserving system and A € B such that ;(A) > 0. Then, for
each k € N,

N

1

lim inf — ANT™AN---NT7FA) > 0.

iminf Z (AN NN ) >0
n=1

This fact is a generalization of the Poincaré Recurrence Theorem, which states there exists n € N such

that

w(ANT™A) > 0.

A stronger version of that can be stated as follows:
Suppose that (X, B, i, T') is a measure-preserving system and A € B. Then, for every € > 0, the set

below is a syndetic set:
{(neN : p(ANT™A) > u%(A) — €} (23.2)

As a consequence of the aforementioned content, one can refer to a density version of Van der Waerden’s
theorem, which was formulated and proven by Szemerédi. He established that every subset of natural
numbers with a positive upper density contains an arbitrarily long arithmetic progression [21]. Our ability
to discern the monochromaticity of an equation is quite limited. For example, the following question has
remained unresolved: Is it true that for every finite coloring of the natural numbers, there exist a,b € N
such that the structure {a?, b2, a® + b?} is monochromatic?

In [16], Moreira investigated the monochromatic solutions of polynomial patterns in countable com-
mutative semigroups, providing a novel classification in this domain. However, this classification does
not encompass every polynomial structure. In fact, the following conjecture remains unsolved: For ev-
ery finite coloring of the natural numbers, is it true that there exist a,b € N such that the structure
{a,b,a + b, ab} is monochromatic?

In [12], Green and Sanders, by generalizing the works of Shkredov and Cilleruelo ([20], [6]), suc-
cessfully provided an answer to the open problem in finite fields. Furthermore, a weaker version of this
conjecture has been recently addressed by Moreira and Bergelson which state that, for every finite col-
oring of the natural numbers, there exist a,b € N such that {a, a + b, ab} is monochromatic. Szemerédi
proved the famous conjecture of Erdos and Turan [&], and Furstenberg, by presenting a new proof of Sze-
merédi’s theorem [10], initiated a deep and enduring interaction between the theories of Ramsey theory
and ergodic theory.

In 1943, Rado introduced regular matrices and examined the monochromaticity of these equations in
a special case. In [7], Deuber gave his well-known proof regarding Rado’s conjecture on partition reg-
ular sets. He introduced structures called (m, p, ¢)-sets and, by iteratively applying Van der Waerden’s
theorem on arithmetic progressions, proved the theorem for them. In 1975, he generalized the notion of
partition regularity to abelian groups. In 1994, Hindman, Deuber, and Bergelson expounded the theory
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of Rado for commutative rings, delving into the study of both homogeneous and inhomogeneous equa-
tions whose coefficient matrices belong to commutative rings. Among the important problems is the
monochromaticity of {x, y,  + y, xy}, which Moreira proved a weak version of this in 2017. He defini-
tively answered this question in a strong sense, employing dynamical systems and ergodic theory with
the help of a new representation of a large class of non-linear patterns found in a cell of finite partition.
Before presenting the content, we proceed to define and review some classical results related to the
Ramsey theorem. Let R be a countable commutative ring. For natural numbers m and k, consider

functions
fl,...,fkiRm%R.

The family { f1, f2, ..., fx} in R is called a Ramsey family if for every finite coloring C,Co, ..., C, of
R, and every X € R™, there exists a color C belong to {C', ..., C,} such that

{AX), fo(X), .., (X)) C C.

As you can observe, for any a, b, k € N, the structures {a,b,a + b} and {a,a +0,...,a+ (k —1)b}
are Ramsey in N, but the structures {a,a + 1} and {a, b, 3a — b} are not. This is because if we color
each element of the set of natural numbers with a color, then a and a + 1 must have different colors, and
if we color the set of natural numbers with 4 colors in a 5-color set if @ and b have the same color, it can
be shown that 3a — b has a different color [15]. In [5], it was proven that for every p € N, the family
{z,y,x +y,x+2y,...,x + py} is Ramsey in N. Additionally, Folkman proved that for every m € N,
the following family is Ramsey:

)

T o, r1 + o )

T2 T2 + 11 ; To + X , T2+T1+ 2o

Tm 5, Tm+Tm—1 , Tm+Tm—2 , y Tm + Tm—1 + -+ X0 )

Just as the theorems of Schur and Van der Waerden were generalized, the generalization of Folkman’s

theorem is not far-fetched. In [7], Deuber proved that for every m, p,c € N, the following structure is

Ramsey in N:
( cxo
izg + cry ) ie{-p,...,p}
ixo + jx1 + cxo , i,j €{-p,...,0}
P00+ + lm—1Tm—1 + T G0y -y im—1 € {—D,...,D}

Suppose that m € N and {f1, fo,..., fr} is a finite family of linear functions f : N+ 5 N,
Then, this family is Ramsey if and only if there exist p and ¢ in N such that the above structure contains
{f1, fo,- .., fx}. To generalize this theorem, various methods can be employed. For instance, one can
extend the Ramsey family to an infinite family of functions. Similar to a theorem called Hindman’s
theorem, which is translatable into the language of Ramsey families, significant results have also been
obtained in this regard [13]. Furthermore, considering the potential parallels between the outcomes of

linear functions and polynomial functions, the following classic question is raised:
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”Suppose that for £ € N, fi1, fo,..., fx € Z[x1,...,x;]. What is the necessary and sufficient
condition for the family { f1, ..., fx} to be Ramsey in N?”

Based on the aforementioned, all structures present in the Schur, Van der Waerden, and Deuber theo-
rems are Ramsey families. Examining this subject when the structure involves addition and multiplication
proves to be quite challenging. In 1977, Furstenberg and Sarkdzy presented a proof for the monochro-
maticity of the structure {a, a-+b2} [10], [1%]. Subsequently, Bergelson improved these results by proving
the monochromaticity of the structure {a, b, a-+b%} [3]. However, the significant breakthrough came with
the extension to polynomial functions by Bergelson and Leibman in the Van der Waerden theorem, where
they showed, that the structure

{zo,x0 +p1(x1,...,Zm), -, 20+ Pr(T1,. .oy Tm)}

with p1,...,pg € Z[x1, ..., 2] such that p;(0) = 0 is Ramsey [4].

Nowadays, the polynomial Van der Waerden theorem has been generalized in various directions,
each of which represents a new example of polynomial Ramsey families ([1], [2], [9], [14]). However, a
complete and accurate solution for the following conjecture is still not available.

” Is it true that for every finite coloring of the natural numbers, there exist a,b € N such that the

structure {a, b, a + b, ab} is monochromatic?

Conclusion

In today’s research, the investigation of Ramsey families of nonlinear functions, whose simpler forms are

polynomial expressions with two variables, holds a special priority.
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Extended Abstract

Shrinkage estimators have found vast applications in many disciplines. These estimators were first intro-
duced by James and Stein (1961) and Stein (1962). Many statisticians have shown different character-
istics of these estimators. The first version of two-level hierarchical models is called the homoscedastic

hierarchical model with the following structure
Y; ~ N(0;, A) i=1,2,...,n
0; ~ N (1, \).
The second version of two-level hierarchical models, heteroscedastic hierarchical models, is as follows
Y; ~ N(0;, A;) i=1,2,...,n
0; ~ N (1, A).
Several authors have considered discussing the asymptotic properties of the heteroscedastic hierarchical
models too. Among others, we can refer to Xie et al (2012-2016), Ghoreishi and Meshkani (2014),
Baranchik (1970), Cai and Zijian (2016), and Shantia and Ghoreishi (2020).
In this paper, we address the following heteroscedastic hierarchical model
Y; ~ N(6;, A;) 1=1,2,...,n
0; ~ N(p, A),
0; = 81 X1 + B2 Xoj + - - + BpXpi

with a linear structure for 6;s. We will use the moment, maximum likelihood, and SURE methods to
obtain the shrinkage estimate

A A;
= Y; 4 - ) ~
A+ A; A+ A;
and also to estimate the regression coefficients 31, - , 3.

A common assumption for high-dimensional regression models, p = O(n), is the sparsity assumption
for the vector of the regression coefficient. That is,
card(B) = HﬁHO = 59 K D,
where /6 = (617 BQ? e 7ﬁp)T'

Assuming the sparsity, the asymptotic properties of the resulting estimators will be investigated under

the error function Lo and the penalized function L; given by

. 1 1/2/4 2
S 6—-X 25.1
argﬁrgIer}D{QnHW ( ﬂ)“g*')‘HBHl}’ @5.1)
where 8 = (01,02, ,60,)T, X is the regression matrix, and W = diag<;\;AA1 T :\;AA"> -
1 n

Assuming that ,@ is the solution of (25.1) and B* is the real vector, we will construct the Lo-upper
bound

. . 4 A+ A solnp
[l 4 s (52 22

n

for B3 — B*.

A
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Extended Abstract

Introduction

First studied by Brandt in 1927, groupoids have a central role in Mathematics and Mathematical Physics.
In Algebraic Geometry, Grothendieck used groupoids to investigate moduli spaces, and in Crystallogra-
phy, they are used to study microscopic symmetry via screw operators [5]. On the other hand, inverse
semigroups were first explicitly defined by Wagner in 1952 and independently by Preston in 1954. They
had a role in Klein’s Erlangen program and Lie’s theory of infinite continuous groups. These two notions
are related; to a groupoid, one may associate its ample semigroup [6] and each inverse semigroup has
a universal groupoid [5]. However, the relation between the structure and properties of these objects is
not well studied. Paterson in [5] suggests that the amenability of an inverse semigroup should be related
to the amenability of the maximal subgroups of the inverse semigroup. This seems to be a necessary
condition but certainly is not sufficient (consider the free inverse semigroup on two generators). In this
paper, we solve this problem for Clifford semigroups by showing that a Clifford semigroup is a union of
amenable groups if and only if its universal groupoid is amenable. We also give a correspondence be-
tween the isotropy groups of the universal groupoid and subgroups of the maximal group homomorphic

image of the Clifford semigroup.

Conclusion

The main results of this paper are:

Theorem 28.5. Let S be a Clifford semigroup, Gs and G = G(X, S) be its maximal group homomorphic
image and universal groupoid, respectively. Then G is the union of its isotropy groups which could be

identified with subgroups of G g.

Theorem 28.6. Let S be an amenable Clifford semigroup and S = UecpHe. Then T' = Ue<eo He is an
amenable Clifford subsemigroup of S for each e € E. Also H.H., = H.and H. Hy C H.y.

Theorem 28.7. Let S be an amenable Clifford semigroup and S = Uecr H.. Then for every e € E,
H., ¥ Hs

Theorem 28.8. Let S = |J . He be a Clifford semigroup such that for each e € E, H. is amenable,
then its universal groupoid G = G(X, S) is amenable.

Theorem 28.9. Let S = \J .. H. be a Clifford semigroup whose universal groupoid G is amenable.

Then each group H. is amenable.
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Extended Abstract

Introduction

A discrete frame is a subset of a Hilbert space indexed by a finite or countable index set satisfying two
inequalities for every element of the Hilbert space. In 1952, Duffin and Schaeffer introduced discrete
frames when they were studying some problems in nonharmonic Fourier series ([0]). The continuous

version of discrete frames was proposed by Kaiser in [ 10] and independently by Ali, Antoine and Gazeau

in[l].

Definition 31.11. Let (2, 1) be a measure space and let H be a Hilbert space. A weakly-measurable
mapping F . Q — H is called a continuous frame for H with respect to (2, p) if there exist constants
0 < Ap < Bp < oo such that for each f € H, we have

Ar|IfII? S/QI(LF(M))IZdu(M < Br| I

The positive numbers Ar and Br are called the lower and upper bounds of the frame, respectively. The
mapping F is called tight if Ar = B and if Ap = Bp = 1, it is called a Parseval frame. If only the

second inequality is required, we say that F is a continuous Bessel mapping.

As we see, continuous frames are defined using a measure space, i.e., the indices are related to some
measurable space, so every discrete frame can be considered as a continuous frame using the count-
ing measure on the index set. Although there are many similarities between continuous and discrete
frames, continuous frames can behave completely different from the discrete ones (for example, con-
tinuous frames are not necessarily norm bounded). Both discrete and continuous frames have great ap-
plications in pure and applied mathematics, particularly they are useful in signal processing. Indeed,
each frame possesses at least one dual and the existence of duals facilitates the reconstruction of signals.
For more information about continuous frames and their duals, we refer the readers to [8, 13] and the
references therein.

Let F': Q) — H be a Bessel mapping. Then, a Bessel mapping G : 2 — H is called a dual for F' if

(fq) = /Q (f, F(@))(G(x), g)du(x), GLI)

for each f, g € H. The equality (31.1) can be written weakly as
F= [ F@)G@). (e

Now, we define the function 7 : @ — B(H) by 7(z)(f) = (f, F(z))G(x). Hence, for each f € H, we
have

;= /Q () (f)du(a).

Indeed, using the function 7, every f in the underlying Hilbert space can be reconstructed. The operators
like 7 are so valuable in frame theory. In fact, the crucial role of these operators caused the appearance of
some important concepts such as resolutions of the identity, local atoms and atomic systems of subspaces,
see [2], 3], [41, [5), [ 71, [9], [ 11] and the references therein.



Conclusion

In [12], using some real numbers as parameters, some new versions of resolutions of the identity, atomic
systems and frame-like systems for subspaces of a Hilbert space were introduced. The new versions
cover many of the notions related to atomic systems and resolutions of the identity, also, the existence of
the parameters provides more flexible tools for the reconstruction of signals. Also, it was shown in [12]
that there are close relationships between the new notions and some generalizations of frames and fusion
frames.

In the present paper, these concepts are focused and some new results are obtained.

AR
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Extended Abstract

Introduction

Biprojectivity of Banach algebras as an important homological notion arise naturally in Helemskii’s works
in the 1980s, interested readers are referred to his comprehensive book [5]. We begin with recalling its
definition. A Banach algebra A is called biprojective if there exists a bounded A-bimodule morphism
p: A — A®A such that 4 o p(a) = a. This concept closely related to the notions of contractibility
and amenability introduced by Johnson [&, 9]. The notion of p-amenability was introduced in [10] and
independently in [13]. Let A be a Banach algebra. For a fixed nonzero multiplicative linear functional
p € A*, we call A left p-amenable if A possesses a left p-mean, i.e., a bounded linear functional m on
A* satisfyingm(p) = Land m(f-a) = ¢(a)m(f) foralla € Aand f € A*. A Banach algebra is called
character amenable if it is left p-amenable for all ¢ € A(A) and it has a bounded right approximate
identity. Character amenability of some Banach algebras associated to a locally compact group and their
second duals were studied in [6, 13]. Character amenability of Lipschitz algebras was studied by Dashti
et al in [1]. Here, we remind that A is -inner amenable if there exists a bounded net (a,) in A such
that aa, — aga — 0 and p(ay) = 1 (or equivalently p(ay) — 1) for all @« and @ € A [7]. Some
examples of y-inner amenable Banach algebras are commutative Banach algebras, character amenable
Banach algebras and Banach algebras containing a bounded approximate identity. In this paper, we are
going to define and investigate the concept of A**-biprojectivity for any Banach algebra. We obtain the
relation between this definition with amenability and p-amenability. After that, we characterize A**-
biprojectivity of Lipschitz algebras A = Lip, (X ), where X is a compact metric space and 0 < v < 1.
Finally, we study this new concept for triangular Banach algebras.

Conclusion
In this paper, the following definitions are stated:

Definition 33.5. A Banach algebra A is called biprojective if there exists a bounded A-bimodule mor-
phism p: A — ARA such that T4 o p(a) = a.

Definition 33.6. A Banach algebra A is called left p-amenable if A possesses a left p-mean, i.e., a
bounded linear functional m on A* satisfying m(p) = 1 and m(f - a) = p(a)m(f) for all a € A and
fe A

Definition 33.7. A Banach algebra A is called A**-biprojective if there exists bounded A-module mor-
phism p : A — A™*QA** such that for all a € A

T o pla) = ka(a).

Definition 33.8. Let A be a Banach algebra and ¢ € A(A). Ais called p-inner amenable if there exists
a net (mgy,) in A such that for all a € A

amq — @(a)mq — 0, o(meq) — 1.

Also, the next theorems are presented:

AR



Theorem 33.9. Let A be a Banach algebra with a bounded approximate identity. If A is A**-biprojective,
then A is (pseudo-)amenable.

Theorem 33.10. Let G be alocally compact group. If L*(G) is L' (G)**-biprojective, then G is amenable.
Theorem 33.11. Let A be a Banach algebra. If A is A**-biprojective, then A2 is dense in A.

Theorem 33.12. Let A be a Banach algebra and ¢ € A(A). If A is @-inner amenable and A**-
biprojective, then A is left p-amenable.

Theorem 33.13. Let G be a locally compact group. The algebra M (G)RL'(G) is (M(G)QL(G))**-
biprojective if and only if G is finite.

Theorem 33.14. Let X be a compact metric space and 0 < a < 1. Lipo(X) is Lipo (X )**-biprojective
if and only if X is finite.

Theorem 33.15. Let A be a Banach algebra and ¢ € A(A). If A is p-inner amenable, then the triangular
Banach algebra T is not T **-biprojective.
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