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This paper develops a comprehensive the-
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tion on foundation topological semigroups,
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fundamental results including polar de-

for topological groups.

composition, duality theory, and con-

volution algebras for M,-valued mea-
sures. The paper characterizes several im-
portant classes of measures (M!(S,M,),
M (S, My), ML(S, M), ME(S,M,)) and
analyzes their structural properties, show-
ing that M,(S, M,,) forms an L-ideal and
M.(S, M,,) is an L-subalgebra. Finally, we
develop a theory of quasi-invariant matrix-
valued measures, proving existence results
and characterizing the measure algebra
M. (S, M,,) in terms of equi-quasi-invariant
measures. Our work provides a unified
framework for non-commutative harmonic
analysis on semigroups, generalizing both
the scalar theory for foundation semigroups

and the matrix-valued theory for groups.
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1. Introduction

A foundation topological semigroup is a locally compact topological semigroup S that satisfies
the condition:

S = U{supp(p) : p € L(S)}

where L(S) is a special algebra of measures on S. The algebra L(S) consists of all regular Borel
measures p € M(S) for which the mappings:

xr—=Tx|p| and = — |u|xx

are continuous when M (.S) has the weak topology. This definition ensures the semigroup struc-
ture is “supported” by well-behaved measures, making representation theory tractable. The
concept emerged from attempts to extend representation theory from topological groups to
topological semigroups. Initial work revealed that no general theory was likely for all locally
compact semigroups due to the absence of an analogue of the group algebra L!(G). The alge-
bra L(S) was first studied by A. C. and J. W. Baker in their sequence of papers [I-3]. Some
notable results on measures and measure algebras over foundation semigroups are given in [7].
Foundation semigroups were identified as the appropriate class where E(S) can serve as a vi-
able substitute for L!(G). Lashkarizadeh Bami in [13] extended this framework, investigating
relationships between representations of S and representations of E(S) The theory was fur-
ther generalized to weighted measure algebras M (S, w) and L(S, w) for Borel measurable weight
functions w.

The theory of matrix-valued measures on topological groups was developed by Chu [1], and
more essential properties of this notion are given in [5, 6]. The matrix valued group algebra
LY(G, M,,), positive types and positive definitive functions were introduced in [12]. The notion
of left and right p-convolution operators on LP(G, M,,) was defined and investigated in [3] and
for the conjugate left and right convolutions, we refer to [9]. Moreover, representation theory
and Bochner’s theorem generalization for L!(G, M,) are studied in [10]. We recall some basic
definitions and results from [4, 5]. Consider a locally compact group G equipped with its left
(or right) Haar measure mg, and take conjugate exponents p,q € (1,00) satisfying % + % =1.
Denote by M, the algebra of n x n complex matrices. Let B represent the Borel o-algebra on
G. A matrix-valued measure p on G is a countably additive set function p : B — M, that we
express in component form as p1 = (;;), where each p;; constitutes a complex measure on G.

The total variation measure |u| is defined for any Borel set E by

ul(E) = sup > B ¢

E;eP

where the supremum extends over all finite partitions P of E into mutually disjoint Borel subsets.

We define the norm of p as ||p|| = |u|(G). According to [4, 5], every such measure admits a polar
decomposition dy = wd|u|, where w : G — M, is Bochner integrable and satisfies |w(z)| = 1
for all z € G.

A function f = (fij) : G — M, is said to be p-integrable if each component f;; is Borel
measurable and the integrals [ fi; dure exist. For any Borel set E, the integral [p, f du yields
an n X n matrix whose (i, j)-entry is given by

Z / fik dpig;-
L E
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This leads to the norm inequality

/ fduH ) < [1r@ldu.

The trace functional Tr : M,, — C defines a positive linear functional with norm n. When M,

(L1) 2) dlp)(x

is endowed with the trace norm | - ||¢, we obtain the dual space M, allowing us to identify
M -valued measures with M,-valued measures. We denote by M (G, M) the space of M-
valued measures equipped with the total variation norm || - ||, which is linearly isomorphic to

(M(G, My), | - 1])-

The Banach space Cy(G, M,,) consists of continuous M,-valued functions on G that vanish
at infinity, equipped with the supremum norm. Its dual space can be identified with M (G, M)
through the duality pairing

(1.2) (fip)="Tr (/Gfdu> = Z/szk dpki,
ik

for f = (fij) € Co(G, M,) and p = (u;j) € M(G, M;). Moreover, M (G, M) forms a Banach
algebra under the convolution product defined by

(13 (Fousv) =Tr ( [ [ s utarann)

for all f € Co(G, M,,) and pu,v € M (G, M}). The space (M (G, M,), |-||) also becomes a Banach
algebra under convolution and is algebraically isomorphic to (M (G, M), || - ||¢)-

Given a Borel function f = (fi;) : G — M, and an M,-valued measure pu = (u;;), the
convolution f * pu at x € G is defined as

(1.4) (f *p)(x /fl‘y ) du(y),
when this integral exists. Similarly, the left convolution p %, f is given by
(15) (e3¢ @) = [ dnw)170), 2 <.

We also introduce the transposed integral [ dpu(x)f(z), defined as the matrix with entries

(o) =3 [[uter ot

which satisfies the estimate
(1.6) \ [ an@r@)| < [ 15@ ) dulto)
G G

For u € M(G, M,), we define the reflected measure i by dji(r) = du(r~1). The dual of the
Lebesgue space LP(G, M,,) is identified with L4(G, M) via the pairing

(1.7) ~ 1 ([ wta) dmato)).

for f € LP(G, M,,) and g € L9(G, M;). This duality satisfies

(18) (f % pg) = (// 9(z9) f (z) du(y) dme >>=<f,ﬁ*g>.

From [5], using inequalities (1.1) and (1.6), we derive the convolution estimates

(1.9) ILF o ellp < ALFllp el 21Hu * fllp < I Fllplleell,
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for all f € LP(G, M,,) and p € M(G, M,,), where the LP-norm is defined by

(1.10) 1l = ( L@ dmc(ﬂﬂ))l/p-

Furthermore, for f € LP(G, M,,) and g € LY(G, M), we have the Holder-type inequality

(1.11) [fglly < [l fllpllglq-

Our strategy involves a systematic extension of the matrix-valued measure framework from
groups to foundation semigroups, with careful attention to the technical nuances introduced
by the semigroup structure. The paper proceeds along three main axes: Foundation theory,
convolution algebras and measure algebras and quasi-invariance. We establish the basic theory
of My,-valued measures on foundation semigroups, including variation measures, polar decom-
position, and integration theory. Key results include a matrix-valued Fatou lemma and the
identification of Cy(S, My,)* with M (S, M;;). Next, we define and analyze left and right convo-
lution products for matrix-valued measures and functions, proving norm estimates and establish-
ing that M (S, M,,) forms a Banach algebra under appropriate convolution operations. Finally,
we introduce and characterize several important classes of measures (M!(S, M,,), M! (S, M,),
ML(S, M), MZ(S,M,)) that generalize the concept of absolute continuity and compactness
properties from the scalar case. A central result establishes that M, (S, M,,) forms an L-ideal in
the measure algebra M (S, M,,). Finally, we develop a theory of quasi-invariant matrix-valued
measures, proving existence results and characterizing the structure of M.(S, M,,) in terms of
equi-quasi-invariant measures.

Our approach combines techniques from vector measure theory, semigroup representation
theory, and non-commutative harmonic analysis. The results generalize both the scalar theory
for foundation semigroups [7, 13] and the matrix-valued theory for groups [4, 5], while revealing
new phenomena specific to the matrix-valued semigroup context.

Throughout, S denotes a locally compact foundation semigroup, and all measures are assumed
regular unless otherwise specified. Our notation generally follows [1] for matrix-valued measures
and [7] for foundation semigroups.

2. Matrix-Valued Measures and Integration Theory

This section establishes the foundational framework for matrix-valued measures on foundation
semigroups. We begin by defining M,,-valued measures and their variation measures, proving
essential properties such as bounded variation and countable additivity. The core of our develop-
ment includes the polar decomposition theorem for matrix-valued measures and a matrix-valued
Fatou lemma. We then construct the integration theory for M,,-valued functions with respect
to these measures, establishing norm inequalities and duality results. The section culminates
in the identification of the dual space Cy(S, M,,)* with M (S, M), providing the crucial bridge
between measure theory and functional analysis that underlies subsequent developments.

Definition 2.1. An M,,-valued measure on S is a norm-countably additive function p : B — M,.
Definition 2.2. The variation |u| of an M,-valued measure u is defined by

1](B) = sup > luE|

E,eP

where the supremum s taken over all finite partitions P of E into disjoint Borel sets.
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Lemma 2.3. Let u be an My-valued measure on S. Then u is of bounded variation and || is
countably additive.

Proof. Write = (pi5). For any finite partition {E}} of S, we have:

1
2
D@ <D (DI EDP | <D0 (Bl <Y luisl(s)
k ko\ ij ki ij
Hence |p](S) < oo. Countable additivity of |u| follows from standard vector measure theory. [

Throughout, all M,-valued measures are assumed regular, meaning po p is a regular complex
Borel measure for every p € M*.

Definition 2.4. A function f : S — M, is p-integrable if each entry f;; is Borel measurable
and the integrals fS fij dpre exist for all i,j,k, €. For such f, define

/ fdp = Z/ fixdug; | € M,, for E € B.
E i JE
For simple functions f =), Ayxpg, with Ay € M, define

/ fdu=>" Awu(EN Ey).
B k

Theorem 2.5. Let u be an M, -valued measure. Then there exists a Bochner |u|-integrable
function w : S — M, with ||w(x)|| =1 |p|-almost everywhere such that

u(E) = [ wdl
E
for all E € B.

Proof. Since ||u(E)|| < |u|(E), u is absolutely continuous with respect to |u|. By the Radon-
Nikodym property of M, there exists a Bochner |u|-integrable w : S — M, such that

mm=éwmh

The set FF = {z € S : ||w(z)|| > 1} satisfies |u|(F) = 0, and we can redefine w so that |lw(z)| =1
everywhere. O

Lemma 2.6 (Matrix-Valued Fatou Lemma). Let p be a positive My, -valued measure and (ft)

a sequence of M, -valued p-integrable functions converging pointwise to a u-integrable function

f:S— M. Then
d 1 f d
Tr(/sf u><1m1nTr</fk ,u)

Proof. Let 1 = w - |p| be the polar decomposition. Then w(x) > 0 |u|-a.e. The sequence
{Tr(frx(z)w(z))} consists of non-negative functions converging pointwise to Tr(f(z)w(x)). By

T < /S fdu> - /S Te( o) dlp

<liminf Tr(fkw) d|p|

k—o0

—hm 1nf Tr (/ fx du)

23
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Lemma 2.7. Let p be an My -valued measure and f : S — M, bounded and p-integrable. Then

for E € B:
H/ fduH < 171 1l (2 H/ ol

Proof. Using the polar decomposition p = w - |pl:

‘/Efdu‘z /Efwd|u|H < [ pldlel < 171 (B,

The second inequality follows similarly. O

< fll gl (E).

Let Cy(S, M,,) be the space of continuous M,-valued functions vanishing at infinity, with

supremum norm.
Theorem 2.8. The map pu— u(-) defined by
un) =1 ([ fan) for s € Cufs. )

is a linear isometric order-isomorphism between M (S, M) and Co(S, My,)*.

Proof. We show ||u(-)|| = |©]1(S). For f € Co(S, M,):

ni=|m ([ ran)| < 1@ @ dus(o) < 151 12(5).

Hence [|u(-)|| < |u©]1(S). For the reverse inequality, given € > 0, choose a partition {E;} of S and
compact sets K; C E; with |u|(E; \ K;) < . Construct f € Co(S, My) with || f|] < 1 such that

leu )l — u(f)

Thus |p|1(S) < ||n(-)||- Surjectivity follows from the identification Cy(S, M) = Co(S) @ M,
and the representation of linear functionals on tensor products. Positivity is preserved since for

< 2e.

positive simple functions f =", A;xg, with 4; > 0:

ZTr (B ZTr ENY2Au(E)NY?) > 0.

3. Convolution on Semigroups

This section develops the convolution theory for matrix-valued measures on foundation semi-
groups. We define left and right convolution products for both measures and functions, es-
tablishing Fubini-type theorems and norm estimates. The central result shows that M (S, M,,)
forms a Banach algebra under convolution. We also extend the framework to include extended
measures on o-compact semigroups, providing the foundation for studying harmonic functions
in the subsequent section.

Definition 3.1. For p,0 € M(S, M,), define their convolution by
(pxo)(E) = (uxo){(z,y) € SxS:ayec E}

The product measure p X o is defined by (p X 0)ij = Y. fik X Okj-

Proposition 3.2. Let f: S x S — M, be u x |o|-integrable. Then:

(1) x — f(x, y) is p-integrable for |o|-almost every y € S.

(2) y = [q f(x,y)du(z) is o-integrable.
24
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[ o) = /(/fwydu )da<y>-

Proof. For each entry f;;, apply the scalar Fubini Theorem to pxs % |o|. The result follows by

(3)

linearity. O

Lemma 3.3. Let p,o be positive My-valued measures with commuting ranges. Then pu* o is

positive.

Proof. For positive simple functions f, we have (uxo)(f) > 0 by the commuting ranges condition.
The general case follows by approximation. (Il

For f € Cy(S, M,,) and p,o € M(S, M,,), we have:

[ rawsa)= [ [ s duta) oty

Definition 3.4. Let S be a foundation topological semigroup and let p,v € M(S, M,). The left
convolution u * v and right convolution u *y v are defined by:

(n*v)(E) = (pxv){(z,y) € S x S:ay € E}
(12 v)(E) = (nx v){(w,y) € S x S : yo € B}
for all E € B, where u X v denotes the product measure.

Definition 3.5. Let f : S — M, be a Borel function and p € M (S, My,). The right convolution
f * p and left convolution p*y f are defined by:

(f *p)(z /fwydu

when these integrals exist.

Remark 3.6. For foundation semigroups, the convolution operations inherit the algebraic and
analytic properties from the group case, but with necessary modifications due to the absence of
inverses. The continuity properties of measures in f)(S) ensure these convolutions are well-
behaved.

Lemma 3.7. For f € LP(S,M,) and u € M(S, M,), we have:

1 pllp < WA Nplleells Nse Fllp < N Npllel

where the LP-norm is defined by:

111 = [ 15 dms >)“”.

Proof. The estimates follow from the matrix-valued versions of Minkowski’s integral inequality

and the properties of the variation measure |u|, using the polar decomposition = w - |u|. O

Theorem 3.8. The space M (S, My,) forms a Banach algebra under both left and right convolution
products, with the total variation norm ||u| = |p|(S). Similarly, M(S,M)) forms a Banach

algebra under the corresponding dual convolutions.

Proof. The proof follows from the countable additivity and regularity of measures in M (S, M,,),

together with the Fubini-type theorems for matrix-valued integrals established in []. O
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When S is a countable union of compact sets Sy with Sy C int(Sk41), we consider the strict
inductive limit
K(S,M}) =lim K(Sg, M)
—
where K (Si, M) is the space of continuous M, -valued functions with support in Sy.

Definition 3.9. The dual K(S,M})* consists of extended My -valued measures on S.

For e K(S,M})* and f € K(S, M) with supp(f) C Sk, define

/fduz f dpu
S Sk

where py, is the restriction of p to Sk.
The convolution p * o for p € K(S, M})* and o € M(S, M,,) is defined by

o0 =1 ([ ([ s anta)) aotr))

This framework provides the foundation for studying harmonic functions on foundation semi-

groups in the subsequent section.

Remark 3.10. This exposition adapts the matriz-valued measure theory from groups to the more
general setting of foundation semigroups, maintaining the essential structure while accounting

for the semigroup multiplication.

Definition 3.11. Let € M (S, M,,).

(1) w € ML(S, M,) if for every compact K C S, the set {(Z * |u|)x : © € S} is relatively
weakly compact in M(S).

(2) e MI(S,M,) if for every compact K C S, the set {(|u| *Z)x : x € S} is relatively
weakly compact in M(S).

(3) € ML(S, M,) if for any compact C,D C S and € > 0, there exists an open neighbour-
hood W of C such that |u|(z=Y(W \ C)) < ¢, for all x € D.

(4) p € M2 (S, M,) if for any compact C,D C S and € > 0, there exists an open neighbour-
hood W of C such that |u|(W \ C)x™!) <, for all z € D.

(5) M.(S, M,) = ML(S, M,) N M (S, M,).

(6) My(S, M,) = ML(S, M,) N MI(S, M,).

We now generlaize the obtained results in [7], for the matrix-valued version.

Lemma 3.12. For u € M(S,M,), the following are equivalent:
(i) pu € ML(S, M,).
(ii) For any compact D, F,K C S and € > 0, there exists an open neighbourhood W of K
such that |p|(z=*(W \ K)) < € for all x € DF~1.
(iii) The set {(Z * |u|)x : x € S} is relatively weakly compact in M(S) for every compact
KcS.
The right-handed analogue holds for M! (S, M,) with x~ replaced by x,* and left convolution

replaced by right convolution.

Proof. The proof follows the scalar case precisely since it depends only on properties of the
positive measure |pul:

(i) = (ii) Given compact D, F, K and € > 0, for each x € DF~!, by (i) there exists open W,
containing K with |u|(z=Y(W, \ K)) < e. By compactness of DF~!, finitely many W, cover,

and taking W = (| W, gives the result.
26
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(ii) = (iii) Let K be compact and A = {(Z * |u|)x : = € S}. We verify conditions of
Grothendieck’s Theorem [11, Theoreme 2]. Condition 4(b)[11, Theoreme 2] holds since (Z *
lu)xk (S \ K) = 0. For condition 4(a)[ll, Theoreme 2|, given ¢ > 0 and compact C, choose
compact F' with |||u| — |p|r]| < €/2. Let D be a compact neighbourhood of C. By (ii), there
exists open W with C C W C D and |u|(z=Y(W \ C)) < ¢/2 for all x € DF~!. For x ¢ DF~!,
we have 2 YW N F =0, so |u|(z71{(W\ C)) < €/2. Thus (7 * |u|)x (W \ C) < € for all z.

(iii) = (i) Given compact C' and e > 0, take compact neighbourhood W of C. Applying
Grothendieck’s theorem to A = {(Z * |u])w : * € S} gives open V containing C' with (Z *
lu))w (V \ C) < € for all z. Then W° NV is the required neighbourhood. O

Lemma 3.13. For u € M(S, M,), the following are equivalent:
(i) e MI(S, My).
(ii) For any compact D, F, K C S and € > 0, there exists an open neighbourhood W of K
such that |p|(W\ K)x=t) <€ for allx € F71D.

(iii) The set {(|pu| * &)k : © € S} is relatively weakly compact in M(S) for every compact
KcSs.

Proof. The proof follows by symmetry from Lemma 3.12, replacing left convolutions with right
convolutions and left translates with right translates. O

Lemma 3.14. For u € M(S, M,), the following are equivalent:
(i) 1€ ML(S, My).
(ii) For any compact C;D C S and € > 0, there exists an open neighbourhood W of C' such
that |p|(z71 (W \ C)) < € for all v € D.

Proof. (i) = (ii) By definition of M. (S, M,,), {Z*¢|u| : © € D} is weakly compact. Grothendieck’s
Theorem [11, Theoreme 2] gives the uniform neighbourhood.

(ii) = (i) We show {Z #; |u| : # € D} satisfies Grothendieck’s conditions [! 1, Theoreme 2.
Condition 4(a) of [I 1, Theoreme 2] is exactly (ii). For the condition 4(b) of [I 1, Theoreme 2],
choose compact F' with |u|(S\ F) < e. Taking K = DF, we get T |u|(S\ K) = |u|(S\ F) <€
for all z € D. O

Lemma 3.15. For p € M(S, M,), the following are equivalent:
(i) 1€ MZ(S, My).
(ii) For any compact C,D C S and € > 0, there exists an open neighbourhood W of C' such
that |u|(W \ C)xz~1) < € for all x € D.

Proof. The proof follows by symmetry from Lemma 3.14, replacing left convolutions with right
convolutions and left translates with right translates. O

Definition 3.16. A closed subalgebra A C M (S, M,,) is an

(i) L-subalgebra if € A and v < |u| implies v € A.
(ii) left L-ideal if it is an L-subalgebra and a left ideal of M (S, M,) under left convolution
(iii) right L-ideal if it is an L-subalgebra and a right ideal of M (S, My,) under right convolution
X,

(iv) L-ideal if it is both a left and right L-ideal.

Theorem 3.17. M,(S, M,,) is an L-ideal of M(S, M,). In particular, for all p € My(S, My,)

and x € S, we have T g p € My(S, My,) and uxx € My(S, M,).
27
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Proof. The linear subspace property is clear. For norm closure: if p, — p in My (S, M,,), then
|tin| — |1], and continuity of both left and right convolution actions follows from the definitions
of ML(S, M,,) and MZ (S, M,).

The L-ideal property uses the matrix Radon-Nikodym theorem: if v < u € M,(S, M,,), then
the matrix derivative dv/du exists and absolute continuity is preserved under both left and right
convolutions.

That M, (S, M,,) is an ideal under both left and right convolution follows from the component-
wise definition of convolution and the stability properties of M!(S, M,,) and M (S, M,). O

Proposition 3.18. M!(S, M,) is a left L-ideal of M (S, M) and M (S, M,) is a right L-ideal.

Proof. We prove for M!(S, M,); the right case is similar. Let p, — p with u, € ML(S, M,).
Given compact C and € > 0, choose ng with |||un,|— ||| < €/2. There exists open W containing
C with |, |(z7H (W \ C)) < €/2 for all . Then

|l (@ W\ C)) < 1l = [t || + [ [ (z™H W\ O)) < e

If v < |u| € MY(S, M,), by Radon-Nikodym, given ¢ > 0, 36 > 0 such that |u|(E) < §
implies |v|(E) < e. For compact C, choose W with |u|(z=1(W \ C)) < § for all 2. Then
(@ (W O)) <e.

Let p € ML(S, M,), v € M(S,M,). For compact C and e > 0, choose W with |u|(z=1(W \
C)) < e€/(1+ |jv|) for all z. Then

] *e [l (@ (W ©) = / [l ((zy) (WA C)dlpl(y) < e
Since v x; p < |v| *¢ ||, we have v x, € ML(S, M,,). O

Theorem 3.19. (i) Mu(S, M,) C M.(S, M,) and if C~'D and DC~! are compact when-
ever C, D are compact, then M, (S, M,) = M.(S, M,,).
(ii) Mc(S, My,) is an L-subalgebra of M (S, M,,).
(iii) If S is commutative, then Mc(S, M,) is an L-ideal of M (S, M,).
(iv) If for all compact K C S and x € S, the sets x 'K and Kx~—' are compact, then
M.(S, M,) is an L-ideal.

Proof. (1) My (S, M,,) C M(S, M,) follows from Lemmas 3.12, 3.13, 3.14, and 3.15. When C~1D
and DC~! are compact, the uniform conditions for left and right convolution actions coincide.
(ii) It follows from Proposition 3.18 and the fact that M, (S, M,,) = M(S, M) N MZ (S, M,,).
(iii) When S is commutative, left and right convolutions coincide, so M.(S, M,,) is clearly
both left and right ideal.
(iv) Under the compactness condition, we show p x5 € M(S, M,,) for p € M!(S,M,), y € S.
For compact K, we have:

{@x (| *9))k 2w € S} ={(T e |p)ky x7: 2 €S}

The right-hand side is relatively weakly compact by Lemma 3.12 since Ky~ ! is compact.

Thus |u| x5 € ML(S, M,,) by Lemma 3.12. Similarly for the right-handed case. O

4. Quasi-Invariant Matrix-Valued Measures

This section introduces and analyzes several important classes of matrix-valued measures on
foundation semigroups. We define left and right equi-regular measures (M!(S, M,,), M (S, M,,))

and left and right absolutely continuous measures (M!(S, M,,), M (S, M,)), establishing their
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fundamental properties through a series of lemmas. The main results characterize the ideal
structure of these measure algebras, showing that M,(S, M,,) forms an L-ideal and M. (S, My,)
is an L-subalgebra.

Definition 4.1. A measure m € M(S, M,) is left equi-quasi-invariant on Borel H C S if for
every Borel E C H, m(E) = 0 implies m(z~*E) = 0 for all x € S. Denote by M. (S, H, M,)
the set of such measures.

A measure m € M(S,M,) is right equi-quasi-invariant on Borel H C S if for every Borel
E C H, m(E) = 0 implies m(Ex~') = 0 for allz € S. Denote by M, (S, H, M,) the set of such

measures.

Theorem 4.2. Let H be o-compact and F.(S) = S. Then:
(i) Mc(S, My,) = U{L(S,m, M,) : m € Mc(S, My,) N M. (S, H, My,) N M, (S, H, M,)}.
(ii) If S is o-compact, Mc(S, My) = \U{L(S,m, M) : m € M.(S,M,) N Méq(S, S, My,) N
Mg, (S, S, My)}.

Proof. (i) For p € Mc(S, M), write H = {J,2; K}, with K, compact. By Lemma 3.12, {(Z
\ul)x, : x € S} is relatively weakly compact in M (S) for each p. Similarly, by Lemma 3.13,
{(Ju| * Z)K, : x € S} is relatively weakly compact. By Grothendieck’s theorem, for each p there

exist sequences {zf, )} and {2}, ,} in S such that:

(a) If (z! ¥ |1 K, (E) = 0 for all n, then (Z *¢ |u|)k,(E) = 0 for all z € S.

n

(b) If (|| * 77, ) i, (E) = 0 for all n, then (|u| * )k, (E) = 0 for all x € S.

Define the measure:

mo= D027 (& |l + a7, )
n7p

Then m € M.(S, M,,) by Proposition 3.18 and Theorem 3.17, and clearly p < m.

Now suppose m(E) = 0 for some Borel E C H. Then |u|/(E) = 0, ;T:i%p x¢ |p|(E) = 0, for
all n,p, and |pu| * 27, ,(E) = 0 for all n,p. By the construction, this implies Z *, |u|(E) = 0,
for all x € S, hence |u|(z71E) = 0, for all z. Moreover, |u| * Z(E) = 0 for all € S, hence
\u|(Ez~1t) = 0, for all z. Therefore m(z~1E) = 0 and m(Exz~1) = 0 for all z € S, showing that
m is both left and right equi-quasi-invariant on H.

(ii) If S is o-compact, take H = S in part (i). O

Corollary 4.3. If 7.(S) = S and S is o-compact, then for every u € Mc(S, My,), there exists
m € M(S, My,) that is both left and right equi-quasi-invariant on S such that p < m.

Proof. Immediate from Theorem 4.2(ii). O

Proposition 4.4. Let m € M.(S, M,) be left equi-quasi-invariant on S. Then for any p €
L(S,m, M,), we have u € ML(S, M,).

Proof. Let p € L(S,m, M,) with du = fdm for some f € L'(S,m, M,). Given compact C C S
and € > 0, choose 0 > 0 such that m(E) < § implies [, | f|ldm < e.

Since m € M.(S, M,,), by Lemma 3.12, there exists an open neighbourhood W of C' such that
m(z~1(W\ C)) < 6 for all x € S. Then for all z € S:

ooy = [

z—

| flldm < e.
\C)

Hence p € M(S, M,,) by Lemma 3.12. O
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Proposition 4.5. Let m € M.(S, M,) be right equi-quasi-invariant on S. Then for any p €
L(S,m, M,,), we have p € M (S, M,).

Proof. The proof is symmetric to Proposition 4.4, using right convolution and Lemma 3.13. [

Theorem 4.6. Let S be o-compact with F.(S) = S. Then the following are equivalent:
(i) Mc(S, M,) = \U{L(S,m, M,,) : m € M.(S, M,) is left and right equi-quasi-invariant on
S.
(ii) For every pu € M.(S, M,), there exists m € M.(S, M,) that is left and right equi-quasi-
tnvariant on S with p < m.
(iii) M.(S, M,,) is the smallest L-subalgebra of M (S, M,,) containing all left and right equi-
quasi-invariant measures in Mc(S, M,).

Proof. (i) = (ii) Immediate from the definition.

(ii) = (iii) Let A be an L-subalgebra containing all left and right equi-quasi-invariant measures
in M, (S, M,). For any p € M.(S, M,), by (ii) there exists left and right equi-quasi-invariant
m € M.(S, M,) with y < m. Since m € A and A is an L-subalgebra, we have y € A. Thus
M.(S,M,) C A.

(iii) = (i) Since L(S, m, M) C M.(S, M,,) for any m € M.(S, M,,) by Propositions 4.4 and
4.5, and M.(S, M,,) is the smallest such L-subalgebra, equality holds. O

Remark 4.7. The theory of quasi-invariant matriz-valued measures extends the classical Radon-
Nikodym theory to the semigroup context, where both left and right actions must be considered
separately. The equi-quasi-invariance conditions ensure that the measure algebra M¢(S, My) can
be generated from well-behaved reference measures, analogous to the role of Haar measure in the
group case.
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