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Extended Abstract

Introduction

Let A be a Banach algebra. By a derivation on .4, we mean a linear map d: A — A satisfying
d(ab) = d(a)b+ ad(b)

for all a, b € A. Derivations on Banach algebras are studied in several aspects. A fundamental question
for derivations concerns their image and automatic continuity. Singer and Wermer [16] obtained that
on a commutative Banach algebra the range of a continuous derivation is contained in the radical of
algebra. In the same paper, they made a very insightful conjecture that the assumption of continuity
is unnecessary. In [20] Thomas proved this conjecture. Non-commutative version of Singer—Wermer
Theorem was generalized by Posner [15] by considering prime rings. He has shown that the zero map
is the only centralizing derivation on a non-commutative prime ring (Posner’s second theorem). These
result have been generalized in various derivations by several authors; see for instance [4, 5,7, 12, 17,21].

Mehdipour and Saeedi study derivations on group algebras of a locally compact abelian group [14].
They proved that any derivation on L{°(G)* maps it into its radical [ 14, Theorem 1] and a derivation on
L§°(G)* is continuous if and only if its restriction to the right annihilator of L°(G)* is continuous. They
also showed that the zero map is the only centralizing derivation on L§°(G)*.

Can we apply the well-known results concerning derivations of commutative Banach algebra and
derivations of prime rings to L3 (.S; M, (.S))* for certain class of topological semigroup S? This ques-
tion seems natural, Because L3 (.S; M, (.S))* is neither a commutative Banach algebra nor a prime ring,
when S is a non-discrete topological semigroup. In this paper, we study the truth of these results for
LF(S; M, (S))*, these generalizes the results in [14]. An outline of the present paper is as follows:

We investigate the singer—Wermer conjecture and automatic continuity on L§°(S; M, (S))* for cer-
tain class of topological semigroups. We show that the range of a derivation on the commutative Banach
algebra L°(S; My (S))* is contained in the radical of L§°(S; M,(S))*. Also we prove that a derivation
on LF(S; M,(S))* is continuous if and only if its restriction to Ann, (L3 (S; M, (S))*), the right an-
nihilator of L°(S; M,(S))*, is continuous. Finally, we investigate Posner’s second theorem and show

*

that the zero map is the only centralizing derivation on L§°(S; M,(S))*.

Conclusion
In this paper, the following definitions are stated:

Definition 0.1. Let S be a topological semigroup and M,(S) be all measures p in the measure algebra
M (S) such that the mappings x — 0, % || and x — || %, from S into M (S) are weakly continuous.
S is called foundation semigroup if | J{supp(u); p € My (S)} is dense in S.

Definition 0.2. A topological semigroup S is called compactly cancellative if the sets C~'D and CD ™!
are compact subsets of S for all compact subsets C and D of S, where

C™'D={zeS; CxnD#0},
CD'={zeS;2DNC #0}.
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Let S be topological semigroup. Denote by L™ (S, M,(S)) the space of all functions f on S such that f
is bounded and p-measurable for all p € M, (S).

Definition 0.3. Let S be a topological semigroup. A function f € L>(S, M,(S)) vanishes at infinity if
for each € > 0, there is a compact subset C of S for which || fxs\k |l < €.

We denote by [m,n] :=m-n—n-mforallm,n € L§(S; M,(S5))*.

Definition 0.4. For any positive integer k, a mapping T: LT (S; M, (S))* — Lg°(S; M,(S))* is
called k-centralizing if
[T(m), m*] € Z(LF(S; Ma(5))"),

forallm € LE(S; My(S))*; in a special case when [T(m), m*] = 0 for all m € L¥(S; M,(S))*, Tis

called k-commuting.
Also, the next theorems, propositions and corollaries are presented:

Theorem 0.5. Let S be a commutative compactly cancellative foundation semigroup with identity, S
separates the points of S and D be a derivation on Lg°(S; My (S))*. Then D has its image in the right
annihilator of L3°(S; M, (S))*.

Corollary 0.6. Let S be a commutative compactly cancellative foundation semigroup with identity, S

separates the points of S. Then the following statements hold.
(i) Every derivation on L°(S; M,(S))* maps it into its radical.
(ii) Primitive ideals of L§°(S; M, (S))* are invariant under derivations on L3°(S; M,(S5))*.
(iii) Every derivation on L (S; My (S))* is spectrally bounded.
(iv) The composition of two derivations on Lg° (S; My (S))* is always a derivation on L (S; M, (S))*.

Theorem 0.7. Let S be a commutative compactly cancellative foundation semigroup with identity, S
separates the points of S and D be a derivation on Li°(S; My (S))*. Then the following statements hold.

(i) Forevery E € &/(S5) D‘E-LgO(S;Ma(S))* is automatically continuous.

(ii) D is continuous if and only if D

Ann, (Lg° (S; M, (S))*) 18 continuous.

A~

Theorem 0.8. Let S be a commutative compactly cancellative foundation semigroup with identity, S
separates the points of S, D be a derivation on Li°(S; My(S))* and let k be a positive integer. The the

following statements are equivalent.
(i) D=0.
(ii) D is k-centralizing.

(iii) D is k-commuting.
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