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Extended Abstract

Introduction

Let H be a Hilbert space and let I be a finite or countable index set. A family F = {f;}icr € Hisa
frame for H, if there exist 0 < Ar < Br < 00, such that

AFNFIP < Y UL £)17 < B,

icl
for each f € H. The sequence F is called a Bessel sequence if only the second inequality is required
(see [4]).
For each i € I, let H; be a Hilbert space and let L(7{, #;) be the set of all bounded operators from
‘H into H;. We call A = {A; € L(H,H;) : i € I} a g-frame for H with respect to {#,; : i € I} if there
exist two positive constants A and B such that

AIFIP < DI I? < BIFIZ,
i€l

foreach f € H. If only the second inequality is required, we call it a g-Bessel sequence with upper bound
B (see [13]).

Another important generalization of frames is the fusion frame introduced in [2].

Let {W, };c1 be a family of closed subspaces of a Hilbert space H, and {w; };c be a family of weights,
i.e.,w; > 0foreachi € I. Then W = {(W;,w;) }icr is a fusion frame, if there are two positive numbers
A and B such that for each f € H,

AIFIP < @i llmw, (O < BIIFIP,
icl
where Ty, is the orthogonal projection onto the subspace W;. If only the right-hand inequality is required,
then W is called a Bessel fusion sequence.

It is easy to see that if WW = {(W;, w;) }:e1 is a Bessel fusion sequence, then the operator .S)y defined
onHby Swf =3 ic; w2, f is well-defined, bounded and positive. Also, if W is a fusion frame, then
Syy is invertible.

Note that W = {(W;, w;) }ier is a fusion frame if and only if Ay := {w;mw, }icr s a g-frame.

Tensor products of g-frames and fusion frames in Hilbert spaces were considered in [7] and a-duals
of g-frames and fusion frames in Hilbert spaces were studied in [1, 12].

Hilbert C*-modules are generalizations of Hilbert spaces by allowing the inner product to take values
in a C*-algebra rather than in the field of complex numbers.

Let 2 be a unital C*-algebra and suppose that F is a left 2-module such that the linear structures of
2l and E are compatible. Then FE is called a pre-Hilbert 2[-module if F is equipped with an 2(-valued
inner product (-,-) : E x E — 2, such that

(i) (ax + By, z) = oz, z) + By, 2), foreach o, 5 € Cand z,y, z € F,
(i) (az,y) = alx,y), foreacha € Aand z,y € E;
(iii) (z,y) = (y,x)*, foreach z,y € E;

(iv) (x,z) > 0, foreach x € E and if (z,z) = 0, then z = 0.
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For each z € F, we define ||z|| = ||(x, z) H% If E is complete with ||.||, it is called a Hilbert 2A-module
or a Hilbert C*-module over 2.
Let E be a Hilbert 2-module. A family F = {f;}ic;r C FE is a frame for E, if there exist real
constants 0 < Ar < Br < oo, such that for each x € F,
Ap(z,x) <> (z, fi){fi,z) < Brlw,z).
el
If the second inequality is required, F is a Bessel sequence. If the series ) . (x, f;)(fi, x) is convergent
with respect to the norm, then F is called a standard frame (see [5)]).

A closed submodule M of E is orthogonally complemented if E = M & M. In this case my; €

Lo(E, M), where mps : E — M is the projection onto M.
Suppose that {w; : ¢ € I} C A is a family of weights, i.e., each w; is a positive, invertible element from
the center of 2, and {W; : ¢ € I} is a family of orthogonally complemented submodules of E. Then
{(Wi,w;) }ier is a fusion frame if there exist positive numbers A and B such that
A.<£C, $> < Zwi2<7TW¢(x)v WWz(x» < B'<xa $>,
el
for each = € E. If we only require to have the upper bound, then {(W;, w;) }icy is called a Bessel fusion
sequence with upper bound B.

Let { E; }ier be a sequence of Hilbert 2-modules. A sequence A = {A; € £(E,E;) : i € I} is
called a g-frame for E with respect to {E; : i € I} if there exist real constants A, B > 0 such that for
eachz € F,

Az, z) < Z(Am,Am} < B.(z,x).
icl
If only the second-hand inequality is required, then A is called a g-Bessel sequence. Standard g-frames
and fusion frames are defined similar to frames.

If W = {(W;,w;) }icr is a standard Bessel fusion sequence, then the operator Sy : E — E which
isdefined by Sz = >, ; w;?mw, x is adjointable and called the operator of W. For a standard g-Bessel
sequence A, the operator Sy : E — E which is defined by Sy () = >, AjAi(x) is adjointable and
it is called the operator of A. If A is a standard (A, B) g-frame, then A.Idp < S) < B.Idp. For more
results about fusion frames and g-frames in Hilbert C*-modules, see [0, 11].

In this paper, all C*-algebras are unital and Hilbert C*-modules are finitely or countably generated.
All fusion frames, g-frames and Bessel sequences are standard.

Throughout this paper I and I, for each 1 < k < n, are subsets of N. 2 is a unital C'*-algebra,
E, Ey and E;, are finitely or countably generated Hilbert C**-modules, for each £k € {1,...,n} and
i(k) € I.

Recall that if 2}, is a C*-algebra, for each 1 < k < n, then ®}'_,%, is a C*-algebra with the spatial
norm and for each a;, € %y, we have ||a1 ® ... ® a,| = II}_,|lax|/. The multiplication and involu-
tion on simple tensors are defined by (®7_,ax)(®F_1br) = ®p_,(arby) and (®F_ ar)* = ®@}_,a},
respectively.

Now, if Ey, is a Hilbert 2(-module, for each 1 < k < n, then the (Hilbert C*-module) tensor product
Qr_1 By = By ® ... ® By is a Hilbert (®}_,2;)-module. The module action and inner product for

simple tensors are defined by
(®p=10k) (@fz17k) = (@121) © ... ® (anTn)

= ®Z:1(akxk)a

\oF



and

<®Z:1xk7 ®Z=1yk>
= (21,41) ® ... ®(Tn, Yn)
= ®Z:1<$kayk>,
respectively, where a;, € 2, and xy, yr € Ej. For more results, see [&].

In this paper ®*) = {A;) € Lo, (Bk, Biiy) Yiryer, Y = {Tigey € L, (B, Byry) : i(k) €
b W = {(Wigy, win) Yigwer, VP = { (Vi viy) ¢ i(k) € I}, where Wy, and Vi, are
orthogonally complemented submodules of £}, and w; () and v;(3,) are weights in 2y, foreach1 < k < n.
@p_, ®*) and @7 _ W) are

{Ai(l) ®...Q0 Ai(n) € 'S(Q[1®...®an)(®gzlEk7 Ez’(l) Q... Ei(n)), (i(1),...,i(n)) € (I1 x ... x Ip)},

{(Wz‘(l) ® ... @ Wiy, wi1) @ - .. ®wi(n)) 2 (1(1),...yi(n)) € (I1 x ... x 1)}

Tensor products of g-frames and fusion frames in Hilbert C'*-modules were studied in [9]. Here, we
consider the tensor product of a-duals in Hilbert C*-modules. Indeed, some obtained results in [12] are

generalized to Hilbert C*-modules.

Conclusion

In the present paper, the following definitions and theorems are stated:

Definition 0.1. Let « € Z and let A = {\; € £(E,E;) : i € I} be a g-frame. A g-frame ' = {I'; €
L(E, E;) i € 1} is called an a-dual of {A;}ier if Y, r AT f = S§ f. for each f € E.

Theorem 0.2. Suppose that %) s and U ¥ s are g-frames. If V*) is an a-dual of ®*), for each k €
{1,...,n}, then ®Z:1\P(k) is an a-dual 0f®Z:1<I>(k).

Definition 0.3. Let o € Z and W = {(W;,w;) bier and V = {(Vi, v;) Yier be two fusion frames for E.
Then, V is called an o-dual of W if Y, ; viwimw, v, f = Sy, f, for each f € E.

Theorem 0.4. Suppose that W) s and V) s are fusion frames. If V) is an a-dual of W), for each
ke{l,...,n}, then ®Z:1V(k) is an a-dual 0f®Z:1W(k).
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