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logical group and H is a closed subgroup of G.
The relative commutativity degree of H in G,
denoted by Pr(H, G), represents the probabil-
ity that an element of H commutes with an el-
ement of G. Let D(G) be the set of all relative
commutativity degrees of subgroups of G. In
this paper, we will study the structure of topo-
logical groups that have exactly three relative
commutativity degrees for their subgroups. In
particular, we will show that for such groups,
the centralizer of every non-central element is
a maximal abelian subgroup. We will also pro-
vide examples of groups that have three relative

commutativity degrees.
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Extended Abstract

Introduction
Suppose that G is a finite group and we define
C:{(x,y)GGxG’xy:yx}. (1.1)

The commutativity degree of the finite group G, denoted by Pr(G), is defined as

Cl

Pr(G) = T

The commutativity degree represents the probability that two randomly selected elements of G commute.
Suppose that H is a subgroup of GG. The concept of relative commutativity degree of the subgroup, as a
generalization of commutativity degree, was defined in [3] as

{(z,y) € Hx G | xy = yx}|
Pridl, G) = |H||G|‘

These concepts have been the basis for extensive research on finite groups, for example in [2, 4, 6, &]. As
the above definitions show, the cardinalities of the sets play a crucial role in these definitions, therefore
these definitions are not directly applicable to infinite groups.

To address this issue, one can employ the notion of measure in the definitions. For the first time,
Gustafson in [6] defined the notion of commutativity degree in the more general way for a compact topo-
logical group, and established several properties similar to the finite case. In [5, 9], similar approaches
have been used to study the concept of the relative commutativity degree.

Suppose that G is a compact Hausdorff topological group, and  is the unique probability Haar mea-
sure on G (note that (i is actually the left Haar measure with the normalization condition p(G) = 1, and
for any 2 in G, we have u(xE) = pu(E)). On the product space G x GG, we consider the product measure
i X . For each subgroup H of non-zero measure and every Borel subset D of G, we set

u(H N D)
pr (D) = ————

((H)
It can be easily observed that pij; is the normalized Haar measure on H and g will be the same as the
measure p. In [7], the relative commutativity degree of the subgroup H, denoted by Pr(H, GG), is defined
as follows:

Pr(H,G) = uyy * u(C) = /G xe(w9) dun(w) du(y)

where C' is the set defined in equation (1.1) and x¢ is the characteristic function on C. The relative

commutativity degree of the subgroup can be defined in a more general way when H < K < (G as:

Pr(H,K) = pn x pr(C) = /G ch(:c,y) dpr () dp (y)-

In particular, Pr(H, H) is the same as Pr(H ). We define
D(G) ={Pr(H,G) | H<G},

which means that D(G) is the set of all relative commutativity degrees of the subgroups of G. For finite
groups, the study of groups whose set D((G) has a specific number of elements has been of great interest

to many researchers. One can refer to [1, 3] for example.
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In this paper, we will study the structure of compact topological groups whose set D(G) has exactly
three elements. First, we will show that there is no group whose set D(G) is a set of two elements, and
then we will examine the groups with three relative commutativity degrees. Also, the set D(G) will be
computed for a class of groups with this property. We will observe that many properties will be similar
to the results obtained in the finite case.

Conclusion
In this paper, the following results have been obtained:

Lemma 0.1. Suppose that H < K < G, then for every x in G we have
#Ck(x))  p(Crlx))
pE) = p(H)
Lemma 0.2. Suppose that H < K < G, then we have Pr(H,G) < Pr(K,G) and the equality holds if
and only if for every x in G we have K = HCk (x).

Lemma 0.3. Suppose that G is a non-abelian group and x € G\ Z(G). Then
Pr((z),G) ¢ {1,Pr(G)}.
Corollary 0.4. Suppose that G is a non-abelian group, then |D(G)| # 2.

Lemma 0.5. Suppose that G is a non-abelian group and D(G) = {1,d,Pr(G)}. If H is a subgroup of
G such that Pr(H,G) = d, then H is abelian.

Theorem 0.6. Suppose that G is a group such that |D(G)| = 3. Then for every x € G \ Z(G), the
subgroup C(x) is a maximal abelian subgroup of G.

Theorem 0.7. Suppose that G is a group such that |D(G)| = 3 and D(G) = {1,d,Pr(G)}. If H is a
subgroup of G such that Pr(H,G) = d, x € H\ Z(G) and M = Cg(x), then

D(G) = {1, 5((]\24)) +M(M\Z),Pr(c;)} :

where Z = M N Z(G).

Example 0.8. Let
Gi={z€C]|z|=1}.

Then G with the usual multiplication of complex numbers and the usual topology of complex numbers
is a compact topological group. Let p be an odd prime number and consider G = G X Day,, where Do,

is the dihedral group of order 2p given by
Dy, = (a,bla? = b* =id,bab = a™*) = {id,a,--- ,aP"*,b,ab, - ,aP1b}.

By computing commutativity degrees of subgroups of G we have

p+1 p+3
26 - {155

So G is a group whose D(G) has exactly three elements.
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Remark 0.9. By comparing the results obtained in this article and [1], it is observed that all these theo-
rems also hold in the finite case. Since every finite group with the discrete topology is a compact topo-
logical group, one can consider the proof of these theorems in the finite case as a special case of this
article. However, since in the finite case, the finiteness of the order of the group is an effective tool, one

can obtain more results regarding the structure of these groups, as can be seen in [1].
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