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Extended Abstract

Introduction

In the classical ergodic theory, the concept of entropy is defined for measure-preserving Z-actions. The
definition of entropy is stated via different approaches, but with the same origin [1, 3, 4, 12—14, 17, 19].

Entropy of Z-actions is generalized to actions of general amenable groups. To have a nice entropy
theory for actions of amenable groups, the concept of Falner sequence is applied. A Felner sequence, for
an action, is a sequence of finite sets that exhaust the space and do not move too much when acted on by

any group element.

Many classical results for Z-actions, such as Shannon-McMillan-Brieman theorem [2, 6, 17], Ergodic
theorems [21, 23-25] and Rokhlin-Sinai results [16], are generalized for actions of general amenable
groups.

Traditionally, the entropy of an action is a non-negative extended real number which is invariant under
isomorphism. For Z-actions it is replaced by linear operators on Banach spaces [12, 13].

In this paper, we introduce a function corresponding to the action of an amenable group, which con-
tains the entropy of the group’s action. In other words, the entropy of the group action is obtained by
integrating this function, which we call the information function. With the help of information functions,
entropy operators can be introduced, and a spectral approach to the concept of entropy of the action of a

group is presented.

Conclusion

In this paper, the following definitions and results are applied.

Definition 0.1. Suppose that G is a topological group acting on a probability space (X, B, 1) such that
the action G x X — X is measurable. The measure y is called G-invariant if 1(gA) = p(A) for any
g € G.

Definition 0.2. An invariant measure [ is called ergodic if; for any measurable set A we have
Vge A, gA=A= u(A)=0 or pll)=1.

The collection of all probability measures on B is denoted by M (X) and the collection of all G-
invariant measures on B is denoted by M (G, X). We also write E(G, X)) for the collection of all ergodic
measures.

It is known that M (X), equipped by the weak™* topology, is a compact metrizable space [22]. The

proof of the following theorem is similar to [22] Theorem 6.10.

Theorem 0.3. Suppose that G acts on a metric space X and p is a G-invariant measure on Bx, the
o-algebra of Borel sets of X, then

1. M(G, X) is a compact subset of M (X);

2. M(G,X) is convex;
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3. ext(M(G, X)) = E(G, X), ie., the collection of ergodic measures equals the extreme points of

the collection of G-invariant measures.
In the following, we recall the Choquet’s representation theorem.

Theorem 0.4. (Phelps [5]) Suppose that Y is a compact convex metrizable subset of a locally convex
space E, and that xo € Y. Then there exists a probability measure T on'Y which represents xy and is
supported by the extreme points of Y, i.e., V(xg) = fY Wdr for every continuous linear functional ¥ on
E, and T(ext(Y)) = 1.

Letp € M(G,X)and f : X — R be a bounded measurable function. Since we know that £(G, X)
agrees with the set of extreme points of M (X, ¢), applying Choquet’s representation theorem for Y =
M(G,X)and ¥(u) = [ fdu, we will have the following corollary:

Corollary 0.5. Suppose that G is a topological group acting continuously on the compact metric space
X. Then for each jn € M(G, X) there is a unique measure T = 1, on the Borel subsets of the compact
metrizable space M (G, X)) such that 7,(E(G, X)) = 1 and

[ @ = [ . ([ s@ant))

for every bounded measurable function f : X — R.

Under the assumptions of Corollary 0.5, we write u = | B(G.X) mdr,(m) and it is called the ergodic
decomposition of .

Suppose that GG is a countable and discrete group. There are many equivalent formulations for the
concept of amenability. In the discrete case, one of the convenient definitions of amenability for discrete
groups is as follows:

A dicrete group G is amenable if for any finite set X' C G and § > 0 there is a finite set /' C G such
that

Vk € K |FAKF| < d|F]|.

Such a set ' is called (K, d)-invariant.
A sequence {F}, },>1 of finite subsets of G is called a Falner sequence if for any K and § > 0, F), is
(K, d)-invariant, for all large enough n. Without loss of generality, we may assume that |F),| > n.
Assume that G acts from the left on a measure space (X, B, ) with 4(X) = 1. Let also p preserve
the action of G on X. We have the following mean ergodic theorem for amenable groups. It may easily

be proved by the same method applied for Z-actions.

Theorem 0.6. If G is amenable and acts ergodically on (X, B, jt), then for any f € L'(u), and Folner

sequence { Fy, }n>1,
AP @)oo — [l i L)

where

A(Fy, £)(&) = |}‘ S fgo).

geF

The pointwise version of Theorem 0.6 does not necessarily hold for any given Felner sequence [5].

The following definition is introduced in [18].
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Definition 0.7. (A. Shulman) A sequence of sets { F}, }n>1 is said to be tempered if for some ¢ > 0 and
alln € N,

\ U Fy ' Fopa] < el Fgal.
k<n

A version of the maximal ergodic theorem was proved for tempered sequences [20]. We also have

the following for tempered Felner sequences [5].

Theorem 0.8. (Pointwise ergodic theorem) Let G be an amenable group acting on a measure space
(X, B, i), and let { F,,},>1 be a tempered Folner sequence. Then for any f € L*(u),

Jm AP @) = [ fdn e

A space (X, B, i) on which acts, together with a partition P of X, is called a process.
If x € X and P is a partition, then we denote the unique element of P containing = by P (x). If also,
F C G we set

PE = \/ g P
gel

where \/ denotes the joint operation on the set of finite partitions.
We recall the definition of the entropy of a process.

Definition 0.9. Forany F' C G and € > 0, we set
b(F,e,P) ;= min{|C| : C C P¥, u(UC) > 1 — ¢}.
Then the entropy h,,(P) is defined as

log b(Fy, €,
h,(P) = lim lim inf log b(Fn, €, P)

€—00 M—00 |Fn’

where { F}, }r,>1 is a Folner sequence for G.
The following is a generalized version of the Shannon-McMillan-Breiman theorem [5].

Theorem 0.10. Let P be a finite partition, and assume that G is an amenable group acting ergodically
on a measure space (X, B, u). Let h,(P) denote the entropy of this process. Assume that { Fy,}n>1 is a
tempered sequence of Folner sets. Then for almost every z,

— log(u(P™™ ()
| Fnl

— huy(P) as n— oo.

Information kernel for action of amenable groups

In the rest of the paper, let X be a metric space and Sx be the o-algebra of all Borel partitions. Let G be
an amenable group acting on the space (X, 5x), n € M (G, X ) and P be a measurable partition of X.
Let also {F}, },>1 be a tempered Folner sequence of G. We may assume that | Fy, 1| > |Fp,|.

Definition 0.11. For x,y € X andn € N, we set

Tn(x,y; P) := lim sup card({g € Fp, -y € g 'PI(2)})

and
1 ) . '
T;(x7ya 7)) = _W long(:U’y7P) : Tn(l"y773) # 0
’ :To(w,y; P) =0
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Remark 0.12. For x,y € X and a partition P, the sequence {T;;(x,y; P)}n>1 is increasing.

Note that, the previous remark holds because of the following reason:
Let K < n. The partition P is finer than P therefore, if z € X, then Pf»(z) C P¥*(z) and
consequently g~ P (2) € g~ P (z) for any g € G. Now, for m € N we have

{9€Fp:yeg Py {geFy:yecg P}

which easily results in 7, (z, y; P) < 7(x, y; P), therefore 7 (x,y; P) < 7 (x,y; P).
By Remark 0.12, lim,,_,oo 7, (z, y; P) exists as an extended real non-negative number. So, we may

have the following definition:

Definition 0.13. For x,y € X and the partition P of X, set
IG’(x7 y) = lim T:(.%, Y; P)
n— o0
The function I : X x X — [0, +00] is called the information kernel of G-action on X.

Before we mention our first main result, we need to note that, when G is an amenable countably
infinite discrete group, for any finite measurable partition P of X and any u € M(G, X), one has the
equality

ha(P) = / o (P} (m) ©.1)
B(G,X)

where = | B(G,X) mdr,(m) is the ergodic decomposition of x. One can deduce (0.1) from [7] Propo-
sitions 5.3.2 and 5.3.5, and the proof in the case G = Z in [22] Theorem 8.4. (i).

Definition 0.14. Let € M (G, X) and p = fE(G X) mdT(m) be the ergodic decomposition of . Then
the diagonal measure of L is defined by

diag(p)(D) = /M(G’X) (m x m)(D)dr(m) = /E(G’X)(m x m)(D)dr(m).

The following theorem is our main result.

Theorem 0.15. Given any partition P, h,(P) < +oc if and only if I € L' (X x X, pu x ), moreover,

under the previous condition we have

el (x xxpxcpy = Pu(P)-
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