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Extended Abstract

Introduction

C*-dynamical systems are introduced and studied as a generalization of classical dynamical systems.
In particular, ergodic theory as an approach with analysis taste to dynamical systems is studied in the
framework of C'*-dynamical systems [1—4, 7, 8, 11].

The concepts like invariant measures [ 18], Birkhoff ergodic theorem [5] and von-Neumann ergodic
theorem [16, 17] are formulated and studied for C*-dynamical systems. Also, there are some other
concepts such as the entropy, in classical dynamical systems [9, 15], which are extended to C*-dynamical
systems. They generalize the corresponding concepts in the classical case.

In the classical ergodic theory for dynamical systems, invariant and ergodic measures play very im-
portant roles. These measures are applied in the formulation of ergodic theorems [5, 16—18], the intro-
duction of entropy [9, 15] and pressure [13, 19, 21] for dynamical systems. They are also applied in the
thermodynamic formalism of dynamical systems [14].

In the theory of C*-dynamical systems, the concepts of state and invariant state correspond to prob-
ability and invariant measures for classical dynamical systems. They are applied to define the entropy of
a C*-dynamical system [6].

In this paper, the concept of ergodic state is given and then, using the concept of a lift map, the

structure of invariant states is studied and connected to ergodic states.

Conclusion
In this paper, the following definitions and results are applied. One may see [ 1 0] for more discussions.

Definition 0.1. Let A be a C*-algebra with the unit element 1 € A. For a € A, the spectrum of a is
defined by
spec(a) :=={A € C: X-1—a isnot invertible}.

The spectral radius of a is also defined by
r(a) = sup{|A| : X € spec(a)}.
Theorem 0.2. We have the following properties:
1. If Ais a unital C*-algebra, then for any a € A, the set spec(a) is non-empty and compact.
2. Foreverya € A, we have r(a) < ||a||. Indeed
r(a) = lim [la"||".
3. If a* = a, then r(a) = ||al|.

Definition 0.3. Let A and B be two C*-algebras on C. The set of all non-zero homomorphisms ¢ : A —
B is denoted by Hom(A, B). Recall that ¢ : A — B is a homomorphism if

1. ¢ is linear.



2. Ya,be A : ¢(ab) = ¢(a)p(b).

Additionally, if $(a*) = ¢(a)*, then ¢ is called a x-homomorphism. Finally, if B = C, then we write
Q(A) = Hom(A,C).

Remark 0.4. If A and B are two C*-algebras and p : A — B is a x-homomorphism, then ||p|| < 1, that
is ||p(a)|| < ||all, for all a € A.

Remark 0.5. Let A be a commutative unital C*-algebra and ¢ € Q(A). Then,
1. Ya € A, ¢(a) € spec(a).
2. [|ol] = 1.
3. Ya € A ¢(a*) = ¢(a).

Let A* be the dual of A, equipped by weak-star topology. Then, 2(A) C A*. In this case, we have
the following proposition.

Proposition 0.6. If A is a commutative unital C*-algebra, then Q)(A) is compact in weak-star topology
on the unit ball of A*.

Lemma 0.7. Let a € A. The evaluation map a : Q(A) — C defined by a(¢) := ¢(a) is continuous with
the range spec(a).

Theorem 0.8. Let A be a commutative unital C*-algebra. Then, the map ® : A — C(Q(A)) defined by
®(a) := a is an isometric *-isomorphism from A to C(Q(A)). In other words, A = C(Q(A)).
C*-dynamical systems and invariant and ergodic states

In this section, invariant and ergodic states for a C*-dynamical system are introduced and the structure
of these sets is studied.

Definition 0.9. Let A be a C*-algebra on C. By a C*-dynamical system on A, wemeanamap o : A — A
such that,

1. «ais linear.
2. Forevery a € A, we have a(a*) = a(a)*.
3. Forevery a,b € A, we have a(ab) = a(a)a(b).
Definition 0.10. Let A be a C*-algebra on C. A function w : A — C is called a state, if
1. wis linear.
2. wis positive, i.e., for every a € A we have w(aa*) > 0.
3. ||lwllop = 1, where || - ||op is the operator norm of w.
The collection of all of states on a C*-algebra A is denoted by S(A).

Definition 0.11. Let o : A — A be a C*-dynamical system. A state w : A — C is called a-invariant if

w o o = w. The collection of all a-invariant states is denoted by S(A, a).
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Remark 0.12. Let A* be the dual of the C*-algebra A. Then S(A) and S(A, ) are weak™ compact
convex subsets of the unit ball of A*.

Definition 0.13. An a-invariant state w is called a-ergodic, if for any a € A, the relation a(a) = a

implies a = ¢, where c is a constant.

The collection of all a-ergodic states is denoted by S, (A, ). Itis obvious that, Se(A, o) C S(A,a) C
S(A).
We have the following theorem.

Theorem 0.14. Let w € S(A). Then, there exists a unique positive probability measure p,, on Borel
subsets of QU(A) such that

mm:/ gdie, Vg€ CQA)).
Q(A)

Corollary 0.15. The map I : S(A) — M;(Q(A)) defined by I(w) := p, is affine and bijective. So,
there is a one-to-one correspondence between the elements of S(A) and M1(2(A)).

Definition 0.16. Let ® : A — C(Q2(A)) be the isomorphism as in Theorem 0.8. For a C*-dynamical
system o : A — A, the lift map & : C(Q(A)) — C(Q(A)) is defined by & := ® oo 1,

Definition 0.17. Let o : A — A be a C*-dynamical system and & be the corresponding lift map. The
collection of all probability measures (1 on Borel o-algebra of Q(A) such that

| alodn= [ gdu vge )
Q(A) Q(A)
is denoted by M(A,&). Also, the collection of all measures jn € M (A, &) such that, given any g €
C(2(A)), the equality &(g) = g implies g = ¢, j.a.e, where c is a constant, is denoted by E(A, &).
Lemma 0.18. 1. w e S(A,«)ifand only if u, € M(A,&).

2. we S(A, ) ifand only if n, € E(A, &).

Note that, applying the proof of Theorem 6.10 in [20], one may easily see that, the set of extreme
points of M (A, @) is E(A, &). We have the following theorem for the states.

Theorem 0.19. The set of extreme points of S(A, «) is Se(A, av).

Theorem 0.20. (Choquet) Suppose that Y is a compact convex metrizable subset of a locally convex
space E, and that xo € Y. Then there exists a probability measure T on'Y which represents xy and is
supported by the extreme points of Y, i.e., ®(xg) = fY ®dr for every continuous linear functional ® on
E, and t(ext(Y)) = 1.

See [12] for a proof of Choquet’s theorem.
The following result is a direct consequence of Choquet’s theorem [12].

Corollary 0.21. For any w € S(A, ), there exists a unique probability measure o on Borel sets of
S(A, a) such that o(S.(A, o)) = 1 and

/Q(A) felp = /Se(A,a) </Q fd#u) do(v).
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