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Extended Abstract

Introduction

Hilbert space frames were originally introduced by Duffin and Schaeffer to deal with some problems
in non-harmonic Fourier analysis [9], [8]. Frames can be viewed as redundant bases which are gener-
alizations of Riesz bases [2], [4], [6], [1], [12],[14]. This redundancy property sometimes is extremely
important in some applications such as signal and image processing, data compression, and sampling
theory.

In recent years, in [13], Kutyniok et al. introduced scalable frames and provided characterizations
for them. Here, we extended this concept to g-frames and applied some of their results to g-frames. We
also consider the Paley-Wiener perturbation of g-frames and obtain some results for scaling operators
that preserve the g-frame property. Moreover, we achieve some results regarding preserving the g-frame
property of a g-frame and its Paley Wiener perturbations.

We recover by the formula

F=STS() =D AL BST =D (A ST ST, (f € H).

jed jeJ

It follows that {.S —2 fj}jes is a Parseval frame. This requires inverting the frame operator which might
be difficult.
Since a frame is A—tightifand only if Sf = Af forall f € H, Parseval frames are the most desirable

since S = I. So we want to alter a frame in a simple manner to make it Parseval.

Conclusion
In this paper, the following definitions and results are stated:

Definition 0.1. A g-frame A = {\; € B(H,H;) : j € J} for H with respect to {H; : j € J} is
scalable, if there exist scalars ¢; > 0, j € J, such that {c;A; € B(H,H;) : j € J} is a Parseval
g-frame. If, in addition, c; > O, for all j € J, then A = {A; € B(H,H;) : j € J} is said to be
positively scalable. If there exists d > 0, such that c; > 9, forall j € J, then {A; € B(H,H;) : j € J}

is referred to as strictly scalable.

Remark 0.2. We note that we can define scalability for every sequence {x; : i € I} and also for scaling
constants {c; : i € 1} C C, but in frame theory we deal with frames and try to get a reconstruction

Sformula. Also since for every sequence C = {c; : i € I} CC
Sc(z) = S¢|(z),

foreach x € H, then {c;x; : i € I} is a frame (Parseval frame) if and only if {|c;|x; : i € I} is a frame

(Parseval frame). Hence we consider c¢; > 0 for each i € I.

Proposition 0.3. Let A = {A; € B(H,Hj) : j € J} be a g-frame with frame operator Sy, analysis
operator Ty, {¢;}jc; C RT and T = {¢jA; € B(H, H;) : j € J}. Then the following conditions are

equivalent:



(1) T is a g-frame.
(i4) ranTy C domD. and D|,anry is ICR.

Moreover, in this case, the g-frame operator of the g-frame 1 is given by
Sr =TaD.D T},
where T\ D, denotes the closure of the operator T\ D,.

Proposition 0.4. Let A = {A; € B(H, H;) : j € J} beag-framefor H. Then' = {c;A; € B(H, H;) :
j € J}is a g-frame if and only if D‘ranTl’{ is a bounded 1C R-operator.

Proposition 0.5. Let A = {A; € B(H, H;) : j € J} be a g-frame with frame operator Sy and analysis

operator Ty . Consequently, the following conditions are equivalent:

(i) A is (positively, strictly) scalable.

(ii) There exists a non-negative (positive, strictly positive, respectively) diagonal operator D in ®jc jH;
such that
TAD(DT)) = Iy.

We provide a highly useful implication of Proposition 0.3, which shows that scalability is stable under

unitary transformations.

Corollary 0.6. Let H and K be Hilbert spaces, A = {A; € B(H,H;) : j € J} be a g-frame and
U € B(K, H) be an isomorphism, i.e., UU* = Iy and U*U = Ik. Then A is scalable if and only if
AU ={A\,;U € B(K, Hj) : j € J} is scalable

Definition 0.7. Let {x;: i € I} C H be a frame for H. We say that {x; : i € I} is a piecewise scalable
frame if there exist orthogonal projections P, ..., P,, on H, which are mutually orthogonal, Z;ﬂ:l P=1
and scaling constants {a},...,a" : i € I} C R2% such that {a} Pi(z;) + ... + a* Py (x;) i € I} isa

Parseval frame. Sometimes we call it P-piecewise, if P := { Py, ..., Py }.

Throughout the paper, for every j € [m], we take H; = P;(H). Note that the scalable frames are
piecewise scalable. It is not difficult to find piecewise scalable frames which are not scalable. For more

details, see [4].

Theorem 0.8. X = {x; : i € I} C H is piecewise scalable with orthogonal projections P, ..., P, and
scaling constants {ag cie 1,j € [ml}ifand only if {Pjx; : i € I} is a scalable frame for H; with
scaling constants {a? 21 € I}, for each j € [m] and for every x € H,

Z Z kRe [(z, Pjz;)(x, Pyx;)]) = 0.
i€l k#j,k,j=1

Corollary 0.9. Let X = {x; : i € I} be a piecewise scalable frame with projections P, ..., Py,. Then
the sequence { Pjx; - i € 1,j € [m]} is a scalable frame for H.

Proposition 0.10. Let X = {x; : i € 1} be aframefor H. If there exist orthogonal projections P, ..., P,
on H which are mutually orthogonal Zje[m] P; = I and a partition P = {01, 09, ...,0n} of I such that
{Pjz; : i € 0} is a scalable frame for H;, for each j € [m|, then X is piecewise scalable.

\o¥



Theorem 0.11. Let {x; : i € I} C H be a frame for H and P;j be an orthogonal projection on H for
each j € [m| with 377" | P; = I. Then the following statements are equivalent:

(1) {z; : i € I} is a piecewise scalable frame for H with scaling constants {a},a?,...,al™ : i € I}.

(2) D o1<kzj<m Ly DeDjT; = 0, where Dj is a diagonal operator on {>(I) with diagonal elements
{al i € I} for each j € [m].

Theorem 0.12. Let H and K be two separable Hilbert spaces. Then X = {x; : i € 1} is a piecewise
scalable frame for H if and only if UX = {Ux; : i € I} is a piecewise scalable frame for K, for every
unitary operator U : H — K.

Proposition 0.13. Let X = {z; : i € I} be a frame for finite-dimensional Hilbert space H. If X is

piecewise scalable with orthogonal projections Py, ..., Py, on H and scaling constants {a}, a3, ...,a™ :
i € I}, then
dimH = Z dimH; = Z Z (1P () ||
j€lm] i€l
Proposition 0.14. Let x = {x; : i € I} be a piecewise scalable unit norm frame for a finite dimen-
sional Hilbert space H with orthogonal projections Py, ..., P, and scaling constants {az, 12, cnalt

i € I}. Then ‘
(i) Yiermin{(af)? : j € [m]} < dim(H),
(id) dim(H) <> ,c; max{(al)?: j € [m]}.

Theorem 0.15. Let x = {x; : i € I} C H be a frame for H and {y; : j € J} be an A-tight frame for

K. Then, X is a piecewise scalable frame for H with orthogonal projections Py, ..., P, and constants
{a},...,a" i € I} ifand only if {x; @ y; i € 1,7 € J} is a piecewise Scalableframefor H ® K with
orthogonal projections P1 =P ®Ig,.., P,/n = P, ® Ik and constants {ﬁ iy A al :i eI}

Corollary 0.16. Let {x; : i € I} be a \-tight frame for H. Then {y; : j € J} is a piecewise scalable
frame for K with orthogonal projections Q1, ..., Qm and constants {bjl, b€ J} if and only
if{z; ®y; i € I,j € J} is a piecewise scalable frame for H ® K with orthogonal projections

Iy ®@Q1, ..., Iy ® Qp, and constants {\}bjl,. ,\}b;” jeJ}
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