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Extended Abstract

Introduction

Let ‘H be a separable Hilbert space. A sequence {f;}7°, in # is a frame for # if there exist constants
0 < A < B < oo such that

AIFIP <KL flP < BIFIP, Vf € H.
=1

If only the right-hand side inequality is required, it is called a Bessel sequence. It is called a tight frame
if there is a constant A > 0 such that

STHL £ = Al
=1

It is called a Parseval frame if A = 1. It is called a frame sequence if it is a frame for its closed linear
span.

Two Bessel sequences { f;}°; and {g;}:°, are called dual frames if

F=Y o fgi=) (fr90fi  VfeH.
i=1 i=1

A sequence { f;}5°, in H is called a Riesz sequence for # if there exist constants 0 < A < B < oo such

that
o0 (e} 2 o0
AY e’ < Hzcz‘fi <BY |al?,
i=1 i=1 i—1

for all {¢;}22, € (*(N), where A and B are called Riesz bounds. It is called a Riesz basis for H if
span{ fi}2, = H.
If {f;}5°, is a Riesz basis, it is well known that { f;}7°, has a unique dual Riesz basis. In the other

words, there exists a unique Riesz basis { fZ 1 such that

(fi, f) = 6i5, i,j€N.

If { f;}3°, has Riesz bounds A, B, then the dual Riesz sequence has bounds +, %.

Frames in Hilbert spaces were introduced by Duffin and Schaeffer [0] in 1952, when they were study-
ing some problems in nonharmonic Fourier series. Frames were popularized after the work of Daubechies,
Grossmann and Meyer [ 5] where the theory of frames was related to wavelets and Gabor systems. Indeed,
after this work, frames were studied widely and deeply, particularly in the more specialized context of
wavelet frames and Gabor frames, which are two key tools in signal processing, image processing, data
compression, and sampling.

Let g be a function in L?(R) and a, b be two positive constants. The collection { E,yT1ag }m nez
where B, f(x) = ™™ f(2) and Tpo f(x2) = f(x — na) is called a Gabor frame in L?(R) if it is a
frame for the Hilbert space L?(R).

Gabor frames, introduced by D. Gabor in 1946, have been extensively studied. One of the most
important results for Gabor frames is the Ron-Shen duality principle that precisely characterizes Gabor
frames. It states that for every ¢ € L2(R) and a,b > 0 with ab < 1, {EmbThag}mnez is a frame with
bounds A, B for L?(R) if and only if {\/%E%T% 9}m.nez 1s a Riesz sequence with bounds A, B.
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For generalization of the duality principle from Gabor frames to abstract frame theory, the concept
of R-duality with respect to orthonormal bases is defined as follows:
Let (e;)jen and (h;);en be orthonormal bases for a separable Hilbert space 7. Let (f;);cn be a sequence
such that for every j € N, .. [(fi, €j)]? < oo and

w{ = Z(fiaej>hi-

1€EN

The sequence (w]f )jen is called the R-dual sequence of ( f;);en with respect to (e;)jen and (h;)ien.
The R-duality with respect to orthonormal bases is discussed in several papers. In this paper, first, we
consider the concept of R-duality with respect to Riesz bases. In particular, for the Bessel sequences, we
define the concept of R-duality concerning Riesz bases using an anti-linear map. Using this anti-linear
map, we give characterizations of frames and Riesz bases. Also, we give characterizations of frames and
Riesz bases in terms of their R-dual sequences with respect to Riesz bases. We show the relation of the
R-dual sequence of the sum of Bessel sequences and the sum of the R-dual sequence with respect to Riesz
bases. Also, we give some characterizations for sums of frames and sums of Riesz bases. In addition, we

generalize some of the results in [1].

Conclusion
The main results of this paper are:

Definition 0.1. Let (f;);cr be a Bessel sequence for H and (h;);c1 be a Riesz basis. Define the anti-linear
operator M : H — H by

M(f) =" {fi, )hi. 0.1)
i€l
M is a well-defined and bounded anti-linear operator on H. Its adjoint M* is an anti-linear operator
and
M*f =) (b f)fi
el
Theorem 0.2. Let (e;)jcr and (h;)ic1 be Riesz bases for H, (f;)ic1 be asequencesuchthat ¥, |(fi, e;)|* <
oo for every j € I and (wjf)je] be the R-dual sequence of (f;)icr with respect to (ej)jcr and (h;)icr.
Then (f;)icr is a frame in H if and only if(wf)je[ is a Riesz sequence in H.

Theorem 0.3. Let (e;)jcr and (h;)ic1 be Riesz bases for H, (f;)ic1 be asequence suchthaty_,; |(fi, e;)|* <
oo for every j € I and (w]f)je[ be the R-dual sequence of (f;)icr with respect to (ej);cr and (h;)ier.

Then, the following statements are equivalent:
1. (fi)ier is a Riesz basis in H.
2. (wjf)je[ is a Riesz basis in H.

Proposition 0.4. Let (f;)icr and (g;)ic1 be Bessel sequences for H and (w]f )jer and (w? )jer be the R-

dual sequences of (f;)icr and (g;)ic1 with respect to Riesz bases (ej)jcr and (h;)ic1, respectively. Then
(w}c + w]g-)jej is the R-dual sequence of (f; + gi)icr with respect to Riesz bases (e;) jer and (h;)icy.
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Corollary 0.5. With the assumptions of Proposition 0.4,
1. (fi + gi)ieq is a frame if and only if(w{ + w]g-)jej is a Riesz sequence.
2. (fi + gi)icr is a Riesz basis if and only if(wf + U)Jg-)jej is a Riesz basis.

Example 0.6. Let H be a separable Hilbert space and let {e;}5° | be an orthonormal basis for H. Define
T :H — H as follows:

2€j, j = Qk,
T(ej) = ,
ej, J=2k+1

1t is easy to see that for each x € ‘H

]l < [T < 2][[]. 0.2)

Also, span{T(e;)}ier = H. Thus, {fi}icr = {T'(e;) }icr is a Riesz basis for H.

Consider the following Riesz bases:

{zitier = {e1,3e2, €3, €4, ...},
and
{hitier = {2e1, €2, €3, €4, ...}
A simple calculation implies that the R-dual of { f;}ic1 with respect to {z; }icr and {h;}icr is
{(A}Jf}jej = {2ey, 6eg, €3, 2¢e4, €5, 2¢4, €7, 2€3, ...},
which is a Riesz basis for H.

Lemma 0.7. Let (f;)icr be a Bessel sequence for H with the synthesis operator Ty. Let (wjf )jer be the
R-dual of (f;)ier with respect to Riesz bases (e;)icr and (h;)icr. Then h € (span{wf c je It ifand
only if ((hs, h))ier € kerTy.

Proposition 0.8. Let (f;)ic; be a frame sequence for H, (e;);cr be a Riesz basis and (h;);c; be an
orthonormal basis for H. Let ((U]f)jej be the R-dual of (f;)ic1 with respect to Riesz bases (e;);cr and

(hj)jer. Then (wjf)jej is a frame sequence for H.

Proposition 0.9. Let (f;)icr be a Bessel sequence with bound Ay and frame operator Sy and M be
defined as (0.1). Let (e;)icr and (hi)icr be Riesz bases for H. Then the following statements hold.

1. If (e;)icr is an orthonormal basis for H and S,, is the frame operator of(w]f)je], then MM* = S,,,.

2. If (h;)ier is an orthonormal basis for H, then
(a) M*M = Sf.

2
(®) “Zjejaijw;“ =Y ier (f, fi) | where f = > jer aje;.
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