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Extended Abstract

Introduction

The concept of amenability (for discrete groups) originated by J. von Neumann in 1929, as, a discrete
group is amenable if it admits a finitely additive left invariant probability measure. After that formally, it
was introduced for all locally compact groups by M.M. Day. This concept was later extended to Banach
algebras by B. E. Johnson in 1972 and has since grown into a fascinating area of research with applications
in diverse fields, such as abstract harmonic analysis, operator algebras, and ergodic theory. In fact, a
Banach algebra A is said to be amenable if the first cohomology group of A with coefficients in every dual
Banach A-bimodule X* is trivial. This notion has been considered as an important cohomological notion
for Banach algebras by many mathematicians. After that many researchers studied the properties of this
notion and the relation with many other cohomological notions. In 2006 Ghahramani et al. introduced the
concept of approximate amenability as a notion weaker than amenability and improved the results related
to amenability. A Banach algebra A is called approximately amenable if every continuous derivation
from A into every dual Banach A-bimodule is approximately inner. They presented many examples to
indicate that approximate amenability is different from amenability. In 2008, Kaniuth, Lau and Pym
by inspiration of left amenability of F-algebras, was done by Lau [12], introduced ¢-amenability of
Banach algebras. This notion was studied by many authors and it was proved that (-amenability has
a near relation to the existence of a bounded approximate identity for ker ¢. A net (ey) in A is an
approximate identity for A if ||ae, — a|| — a and |leqa — a|| — a, for all a € A. Helemskii in the 1980s
defined biprojective Banach algebras as an important tool in homological notions and investigated any
hereditary properties of this concept, interested readers are referred to his comprehensive book [3]. A
Banach algebra A is called biprojective if there exists a bounded A-bimodule morphism p: A — ARA
such that 74 0 p(a) = a. After that, some other weaker or stronger notions were defined and investigated.
For example, Zhang in 1999 [23] introduced approximate biprojective Banach algebras. Sahami and
Pourabbas in 2014 [22] by inspiration of (-amenability introduced (-biprojective Banach algebras and
studied some properties of this notion. After that extensive research was done on this notion for some
Banach algebras such as group algebras, measure algebras, semigroup algebras and Lipschitz algebras. A
Banach algebra A is called o-biprojective if there exists a continuous module morphism p : A — AR A
such that ¢ o m4 o p(a) = ¢(a), for all a € A, where ¢ is a nonzero bounded multiplicative linear
functional on A. The authors, in [19], introduced the notion of A**-biprojective Banach algebras and
found the relation between this notion with some other cohomological notions. Also, A**-biprojectivity
of certain Banach algebras such as Lipschitz algebras and triangular Banach algebras had been studied. In
this paper, we investigate the relation between A**-biprojectivity and (-amenability. After that we define
the notion of w-A**-biprojective Banach algebras and we obtain the relation between this notion and
some other cohomological notions. Also, we study (- A**-biprojectivity of Banach algebras associated

to a locally compact group.

Conclusion

In this paper, the following definitions are stated:
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Definition 0.1. A Banach algebra A is called biprojective if there exists a bounded A-bimodule morphism
p: A — ARA such that w4 o p(a) = a.

Definition 0.2. A Banach algebra A is called left p-amenable if there exists a bounded net (my,) in A
such that
amq, — p(a)mq — 0, o(my) — 1,

foralla € A.

Definition 0.3. A Banach algebra A is called A**-biprojective if there exists bounded A-module mor-
phism p : A — A™QA* such that for all a € A

a0 pla) = Kka(a).

Definition 0.4. Let A be a Banach algebra and ¢ € A(A). A is called p-A**-biprojective if there exists
anetp: A— A™QA™ such that for all a € A

pomas=opla) = p(a).
Also, the next theorems and corollaries are presented:

Theorem 0.5. Let A be a Banach algebra with a left approximate identity. If A is A**-biprojective, then
A is left p-amenable.

Corollary 0.6. Let G be a locally compact group. If S'(G) is S*(G)**-biprojective, then G is amenable.

Lemma 0.7. Let |I| > 1 be an index set with the smallest element. Then LO(I, A) is not LO(I, A)**-

biprojective.

Theorem 0.8. Let A be a Banach algebra and ¢ € A(A). If A is p-inner amenable and - A**-
biprojective, then A is left and right p-amenable.

Theorem 0.9. Let G be a locally compact group and p € A(LY(G)). The algebra L'(G) is o-L'(G)**-
biprojective if and only if G is amenable.

Theorem 0.10. Let G be a locally compact group and ¢ € A(M(G)). The algebra M (G) is p-M (G)**-
biprojective if and only if G is amenable and discrete.
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