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Extended Abstract

Introduction

The concept of sequence entropy was introduced by Kushnirenko [6]. This invariant could distinguish
between automorphisms with zero entropy. Let (X, B, 1) be a probability space and 7 : X — X be a
measurable map preserving p1. Letalso, I' = {¢;},-, be a sequence of increasing positive integers (if T is
invertible, then the sequence may consist of arbitr;lry integers). The sequence entropy of T" with respect
to ¢ is defined by

n—1

(T, €) = lim sup ~H,(\/ Tt¢),

n
n—00 i=0

where Hy, (1) = — 3_ 4¢,, #(A) log p(A) is the usual Shannon entropy of a partition 7). Finally, the metric
sequence entropy of T" (with respect to I') is defined by

hur(T) = Slgp hur(T,€),

where the supremum is taken over all finite partitions of X. Clearly if we set I' = {i}$2,, then we
will have the usual metric entropy. In [8], Newton proved that the sequence entropy of an ergodic auto-
morphism with finite positive entropy is a multiple of the metric entropy of the system. The relationship
between sequence entropy and generators was also studied by Rokhlin [ 1 §]. The special case of aperiodic
automorphisms has also been studied in [8]. One may find a comparison between some results in classical
Kolmogorov entropy and sequence entropy in [1]. Comprehensive discussions and results on sequence
entropy of dynamical systems may be found in [4, 5]. There are also other concepts of entropy based on
sequences of integers that generalize Kolmogorov entropy [21, 22]. There are several local approaches to
the concept of entropy in dynamical systems [3, 7, 9, 12—16]. This motivates us to extend the local theory
of entropy of dynamical systems to the sequence entropy case. In the present paper, for finitely ergodic
dynamical systems, we follow the definition of sequence entropy in a local manner. Given any sequence
I', we define a local entropy Jr which all sequence entropies h, (1) with (4, as an invariant measure,
are extracted from Jr. In the rest of the paper, if 7' : X — X is a continuous map on a compact metric
space, then we denote by M (X,T) and E(X,T) the set of all T-invariant and T-ergodic probability
measures on X respectively. In 1970, Newton presented the relationship between the sequence entropy

and Kolmogorov entropy. We first recall the following definition.

Definition 0.1. ([5]) Given an increasing sequence of integers I' = {t;}I'_, let

Sr(n, k) = card U{ti,ti +1,..,t; + k},

i=1
and define
K(') = lim <limsup Sp(n,k)) .
n

k— o0 n—oo

The following theorem states the relationship between sequence entropy and Kolmogorov entropy

for invertible ergodic systems.

Theorem 0.2. ([8]) LetT : X — X be an invertible map preserving an ergodic measure . Then
(i) hyr(T)=0if K(I') = 0.
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(i) hr(T) = K(D)hy(T) if 0 < hy(T) < .
(iii) h,r(T) =010 < K(I') < oo and h,(T) = 0.
(iv) h,r(T) =00 if0 < K(I') < o0 and h,(T) = oc.

In Section 2, we present some results on sequence entropy. In Section 3, we present a local approach
to the sequence entropy of compact dynamical systems. We assign a map to any compact dynamical
system which can be used to extract the sequence entropy by integrating it with respect to any invariant

measure. In Section 4, we give some concluding remarks.

Conclusion

In this paper, the following definitions and results are given:

Definition 0.3. Forx € X and A C X, the average visit time of x in A is defined as follows:

1 .
w(z, A) := limsup 5]{0 <j<n-1T(x) e A},

n—oo

where | - | stands for the cardinality of a set.

Definition 0.4. Let & be a partition and x € X. We define Q(z, &) as follows:

Q(z,8) =) d(w(z, A)),

A€

where ¢(t) = —tlogt fort > 0and ¢(0) = 0. Ifn) is another partition of X, then the conditional version
of the previous quantity is defined as follows:

Qa,eln) = Y WvBW(W)

Aeg,Ben

Definition 0.5. Let " = {t;},>1 be an increasing sequence of positive integers, and £ be a finite partition
of X. The I'-local entropy map of T with respect to £ is defined as follows:

n

Jr(z,€) := limsup %Q(az, \/ Ttig).

nee i=1
ForI' = {i}$°,, we simply write Jp = J.
Lemma 0.6. For any x € X and partitions & and 1), we have
Uz, & V) =z, &) + Qz,n[E).
Lemma 0.7. For any x € X and Borel partitions &, 0, if § < n, then Q(x,&) < Q(z,n).

The following theorem is our main result.
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Theorem 0.8. LetT' : X — X be a continuous finitely ergodic map on a compact metric space and
I' = {ti}i>1 be an increasing sequence of positive integers. Then, for every T-invariant Borel probability

measure [, we have

sup [ oo €)dule) = e (D),
& JX
where the supremum is taken over all finite Borel partitions of X.

The following properties are proved in [1].

Proposition 0.9. (i) Let I = {t;};>1 be a sequence of integers and k € N. If T : X — X is a map

preserving the measure |, and & is a finite partition of X, then
hur (T,€) = hy o0y (T, €),
where o : NN — NN s the shift map. In particular,
P (T) = hy or @y (T).
(i) LetT' = {k"},,>1 and £ be a partition of X. If T is a map preserving the measure p, then
i (T,€) = 0 (T, €)

for any m € N. In particular,
hu,F(T) = hqu(Tkm)-

The following proposition is the local version of Proposition 0.9.

Proposition 0.10. Let T : X — X be a compact dynamical system, preserving a Borel probability

measure | and & be a Borel partition of X.

(i) Given any sequence of positive integers I' = {t;};>1, we have Jr(z,§) = Jox (1) (, §) for p-almost

everyr € X.

(ii) IfT = {k"}n>1, then, for any m € N we have Jt (x, &) = Jl?km (x, &) for u-almost every x € X,
where Jff and Jff " are the T-local entropy maps corresponding to T and T*™, respectively.
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