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Extended Abstract

Introduction

Ordered algebraic structures have been investigated by many mathematicians. In the last decades, many
researchers introduced and investigated lattice topologies on the ordered algebraic structures [12], [19],
[14], [23], [27] and [29]. In 1998, Gusic introduced the concept of an admissible subset of a 2-divisible
lattice-ordered group H, which induces a topology on it. This topology is a group topology and also is
locally solid. The Gusic topology investigated by Ranjbar and Pourgholamhossein in [23] and [27] and
Yang in [29]. In [23], the authors introduced the concept of links as a generalization of admissible subsets
of a lattice-ordered group. The topology induced by a link is Hausdorff. If the lattice-ordered group H
is Archimedean with order unit, then the set of all order units is a link and called the strong link. It is a
case that the lattice-ordered group is also an Archimedean Riesz space. However the link topology in an
Archimedean Riesz space is not necessarily a vector topology. The authors in [24] showed that the link
topology in an Archimedean Riesz space is a vector topology if and only if the link is the strong link.
Although the link topology in a Riesz space is not a vector topology in general, it makes the Riesz space
into a locally convex topological vector group [17]. The notion of topological vector group was defined
and studied by Raikov in [25] and [26].

Positive filter topology on a lattice-ordered group is another lattice group topology which was intro-
duced and investigated in [19] and [14]. A positive filter is a subset of the positive cone of an /- group
which induces the positive filter topology. Every link in an /-group is a positive filter. In some cases, the
positive filter topology and link topology on an ¢-group are the same, which have been investigated by
authors in [24].

In this work, we review the last researches about the introduction of lattice topologies on a Riesz
space and we investigate some properties of these topologies on L, (G) (0 < p < o0) spaces, where G
is a locally compact abelian group with the Haar measure. In fact, we consider L,(G) (0 < p < 00)
as Riesz spaces with pointwise ordering in the sense of almost everywhere. The Riesz spaces L,(G) or
L,(X,X, ) are very important in functional analysis. It is well known that for 1 < p, L,,(G) spaces are
Banach lattices with respect to the integral norm. A famous theorem about the spaces L,(G) or more
generally L, (X, X, p1) is that every abstract Ly-space has a representation of the form L, (X, 3, i) (see
[1] for more details). Furthermore, as we shall see later, L, (G) is a locally convex topological vector
group with respect to every link topology on it. We also see that some of the link topologies are finer
than the integral norm topology on L, (G).

We show that if GG is not discrete, then for every 0 < p < oo and every neighborhood U of zero in
G, there is an unbounded f € L, (G) such that supp(f) is contained in U. We also show that an L, (G)
(0 < p < o0) does not contain an order unit unless G is finite. We introduce the notion of completely
positive functions in an L,(G) and we show that the set of all completely positive functions is a link
in L,(G) if G is o-compact. A completely positive function is a real-valued measurable function on G
which is far from zero almost everywhere.

It is well known that in L, (G) the pointwise multiplication is not closed in general. We introduce the
concept of p-ideal subspace of an L, (G) which is closed under pointwise multiplication. More precisely,
for 0 < p < oo, a function f € L,(G) is p-ideal, if for every g € L,(G), we have f.g € L,(G). For
instance, every characteristic function on a compact subset of G is a p-ideal of L,,(G) forall 0 < p < oc.
The set of all p-ideal functions is a linear subspace of L,,(G) and we call it the p-ideal subspace of L, (G).



We show that this is an order-ideal of L, (G). We also show that the p-ideal subspace of an L,(G) with
pointwise multiplication is a Riesz algebra. In addition, we give a link topology on the p-ideal subspace

of L,(G) which makes it a topological lattice-ordered ring.

Conclusion

In this paper, the following concepts are presented:
1- A completely positive measurable function.
2- A p-ideal function in an L,(G).
3- A p-ideal subspace of an L, (G) and we denote it by 1L, (G).
4- The link /P in I L,(G).
Also, the next theorems, propositions and corollaries are presented:
1- The Riesz space of L, (G) contains a strong link, if G is a finite group.
2-If G is a o-compact locally compact abelian group, then the set of all completely positive functions in
L,(G)isalinkin L,(G) (0 < p < 00).
3- IL,(G) is a Riesz subspace and an order-ideal of L,,(G). Furthermore, I L,,(G) is closed under point-
wise multiplication and is a Riesz algebra.
4- If G is o-compact, then I L,(G) is a topological lattice-ordered ring with respect to some of the link

topologies.
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