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Extended Abstract

Introduction

Biprojectivity of Banach algebras as an important homological notion arise naturally in Helemskii’s works
in the 1980s, interested readers are referred to his comprehensive book [5]. We begin with recalling its
definition. A Banach algebra A is called biprojective if there exists a bounded A-bimodule morphism
p: A — A®A such that 4 o p(a) = a. This concept closely related to the notions of contractibility
and amenability introduced by Johnson [8, 9]. The notion of -amenability was introduced in [10] and
independently in [13]. Let A be a Banach algebra. For a fixed nonzero multiplicative linear functional
v € A*, we call A left p-amenable if A possesses a left p-mean, i.e., a bounded linear functional m on
A* satistyingm(p) = Land m(f-a) = ¢(a)m(f) foralla € Aand f € A*. A Banach algebra is called
character amenable if it is left p-amenable for all ¢ € A(A) and it has a bounded right approximate
identity. Character amenability of some Banach algebras associated to a locally compact group and their
second duals were studied in [0, 13]. Character amenability of Lipschitz algebras was studied by Dashti
et al in [1]. Here, we remind that A is p-inner amenable if there exists a bounded net (a,) in A such
that aa, — aga — 0 and p(a,) = 1 (or equivalently ¢(ay) — 1) for all @ and @ € A [7]. Some
examples of y-inner amenable Banach algebras are commutative Banach algebras, character amenable
Banach algebras and Banach algebras containing a bounded approximate identity. In this paper, we are
going to define and investigate the concept of A**-biprojectivity for any Banach algebra. We obtain the
relation between this definition with amenability and p-amenability. After that, we characterize A**-
biprojectivity of Lipschitz algebras A = Lip, (X ), where X is a compact metric space and 0 < o < 1.
Finally, we study this new concept for triangular Banach algebras.

Conclusion

In this paper, the following definitions are stated:

Definition 0.1. A Banach algebra A is called biprojective if there exists a bounded A-bimodule morphism
p: A — ARA such that 74 o p(a) = a.

Definition 0.2. A Banach algebra A is called left p-amenable if A possesses a left p-mean, i.e., a bounded
linear functional m on A* satisfying m(¢) = 1L and m(f - a) = @(a)m(f) foralla € Aand f € A*.

Definition 0.3. A Banach algebra A is called A**-biprojective if there exists bounded A-module mor-
phism p : A — A™*QA** such that for all a € A

T o pla) = Kka(a).

Definition 0.4. Let A be a Banach algebra and ¢ € A(A). A is called p-inner amenable if there exists
a net (mgy,) in A such that for all a € A

amq, — p(a)mq — 0, o(mg) — 1.
Also, the next theorems are presented:
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Theorem 0.5. Let A be a Banach algebra with a bounded approximate identity. If A is A**-biprojective,
then A is (pseudo-)amenable.

Theorem 0.6. Let G be a locally compact group. If L' (G) is L' (G)**-biprojective, then G is amenable.
Theorem 0.7. Let A be a Banach algebra. If A is A**-biprojective, then A% is dense in A.

Theorem 0.8. Let A be a Banach algebra and p € A(A). If A is p-inner amenable and A**-biprojective,
then A is left p-amenable.

Theorem 0.9. Let G be a locally compact group. The algebra M(G)SLY(G) is (M(G)RL(G))**-
biprojective if and only if G is finite.

Theorem 0.10. Let X be a compact metric space and 0 < o < 1. Lipo(X) is Lipo (X )**-biprojective
if and only if X is finite.

Theorem 0.11. Let A be a Banach algebra and ¢ € A(A). If A is p-inner amenable, then the triangular
Banach algebra T is not T **-biprojective.
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