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Extended Abstract

Introduction

In Ramsey theory, Schur’s theorem holds significant importance [19]. The simplicity of the problem, as
well as its connection with various areas of mathematics, increases its significance. This theorem states
that in any finite partition of natural numbers, there exist a,b € N such that one of the cells contains
{a,b,a + b}, in the other words, this structure is monochromatic.

In [22], Van der Waerden proved that in any finite partition of natural numbers, one of the cells
contains arbitrarily long arithmetic progressions. In the other words, for any £ € N, there exist a,b € N
such that the structure {a,a + b,a + 2b, ..., a + kb} is monochromatic. This proof provided an answer
to a long-standing open question.

The theorems of Schur and Van der Waerden encouraged researchers to study monochromatic linear
patterns. In 1943, Rado classified all linear structures in the set of natural numbers, leading to significant
results in this field, which we will elaborate on in the following sections. Erdés and Turan, after the
proof of Van der Waerden’s theorem, posed the question of whether every subset of natural numbers with
a positive upper density contains an arbitrarily long arithmetic progression? This question was answered
by Szemerédi in 1974, but in 1977, Furstenberg provided another solution to this problem using dynamical
systems, leading to the creation of a theory known as Ergodic-Ramsey theory, [10]; [11].

The general idea behind Erdés and Turan’s solution to the open problem is as follows: a subset F/
of natural numbers contains an arithmetic progression of length k, i.e., {a,a + d, ... ,a + kd} C E, for
some a, b in natural numbers if and only if a € EN (E —d) N...N (E — kd). Furthermore, it shows
that if E' has positive upper density, then

N
el 3
lmloréng:ld(Eﬂ(E—n)ﬂ---ﬂ(E—k‘n)) > 0. (0.1)

Thus, E contains an arithmetic sequence of length k& + 1.

To establish the relation (0.1), Furstenberg introduced the notion of a correspondence between a
measure-preserving dynamical system and a set with upper density. To delve further into this process,
we need to familiarize ourselves with certain concepts.

Assume that (X, B, i) is a probability space, where B is a o-algebra on the set X and p : B — [0, 1]
is a countably additive probability measure. A measurable map 7" : X — X is measure preserving if
for every B € B, we have u(T~'B) = u(B), where T™'B := {z € X : Tx € B}. A quadruple
(X, B, 1, T), where (X, B, 11) is a measure space and 7" is a measure-preserving map, is called a measure-
preserving system. A system (X, B, 1, {1y }4ec), where G is a commutative semigroup, 7, : X — X
is a function, and (X, B, 11) is a probability space, is called a dynamical system over G.

In general, for a given semigroup G and {7} ,cc on the probability space (X, B, u) (i.e., for every
g,h € G, Ty, = T,T}), together with measure-preserving maps, (X, B, i, {1, }4ec) is called a measure-
preserving system or a G-measure-preserving system. Let E be a subset of natural numbers. For the
additive semigroup N, {m € N : n +m € E} denoted by E — n for any n € N.

Furstenberg’s Corresponding Principle establishes a profound connection between measure-preserving
systems and sets of integers. For any subset E of the natural numbers, the theorem asserts the exis-

tence of a measure-preserving system (X, B, u, T') and a set A € B such that the measure of A matches
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the upper asymptotic density of E. Furthermore, the theorem establishes an intriguing relationship be-
tween the combinatorial structure of £/ and the dynamics of the measure-preserving system. Specif-
ically, for any sequence of integers ni,no, - ,nk, the density of the intersection of translated sets
E —n1,E —ng, -, E — nyg is bounded from below by the measure of a corresponding intersection
of translated sets in A. This powerful principle finds its applications through various versions in the
realm of multiple recurrence theory.

Suppose that (X, B, i, T') is a measure-preserving system and A € B such that ;(A) > 0. Then, for
each k € N,

N

1

lim inf — ANT™AN---NT7FA) > 0.

iminf Z (AN NN ) >0
n=1

This fact is a generalization of the Poincaré Recurrence Theorem, which states there exists n € N such

that

w(ANT™A) > 0.

A stronger version of that can be stated as follows:
Suppose that (X, B, i, T') is a measure-preserving system and A € B. Then, for every € > 0, the set

below is a syndetic set:
{(neN : p(ANT™A) > u%(A) — €} 0.2)

As a consequence of the aforementioned content, one can refer to a density version of Van der Waerden’s
theorem, which was formulated and proven by Szemerédi. He established that every subset of natural
numbers with a positive upper density contains an arbitrarily long arithmetic progression [21]. Our ability
to discern the monochromaticity of an equation is quite limited. For example, the following question has
remained unresolved: Is it true that for every finite coloring of the natural numbers, there exist a,b € N
such that the structure {a?, b2, a® + b?} is monochromatic?

In [16], Moreira investigated the monochromatic solutions of polynomial patterns in countable com-
mutative semigroups, providing a novel classification in this domain. However, this classification does
not encompass every polynomial structure. In fact, the following conjecture remains unsolved: For ev-
ery finite coloring of the natural numbers, is it true that there exist a,b € N such that the structure
{a,b,a + b, ab} is monochromatic?

In [12], Green and Sanders, by generalizing the works of Shkredov and Cilleruelo ([20], [6]), suc-
cessfully provided an answer to the open problem in finite fields. Furthermore, a weaker version of this
conjecture has been recently addressed by Moreira and Bergelson which state that, for every finite col-
oring of the natural numbers, there exist a,b € N such that {a, a + b, ab} is monochromatic. Szemerédi
proved the famous conjecture of Erdos and Turan [&], and Furstenberg, by presenting a new proof of Sze-
merédi’s theorem [10], initiated a deep and enduring interaction between the theories of Ramsey theory
and ergodic theory.

In 1943, Rado introduced regular matrices and examined the monochromaticity of these equations in
a special case. In [7], Deuber gave his well-known proof regarding Rado’s conjecture on partition reg-
ular sets. He introduced structures called (m, p, ¢)-sets and, by iteratively applying Van der Waerden’s
theorem on arithmetic progressions, proved the theorem for them. In 1975, he generalized the notion of
partition regularity to abelian groups. In 1994, Hindman, Deuber, and Bergelson expounded the theory
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of Rado for commutative rings, delving into the study of both homogeneous and inhomogeneous equa-
tions whose coefficient matrices belong to commutative rings. Among the important problems is the
monochromaticity of {x, y,  + y, xy}, which Moreira proved a weak version of this in 2017. He defini-
tively answered this question in a strong sense, employing dynamical systems and ergodic theory with
the help of a new representation of a large class of non-linear patterns found in a cell of finite partition.
Before presenting the content, we proceed to define and review some classical results related to the
Ramsey theorem. Let R be a countable commutative ring. For natural numbers m and k, consider

functions
fl,...,fkiRm%R.

The family { f1, f2, ..., fx} in R is called a Ramsey family if for every finite coloring C,Co, ..., C, of
R, and every X € R™, there exists a color C belong to {C', ..., C,} such that

{AX), fo(X), .., (X)) C C.

As you can observe, for any a, b, k € N, the structures {a,b,a + b} and {a,a +0,...,a+ (k —1)b}
are Ramsey in N, but the structures {a,a + 1} and {a, b, 3a — b} are not. This is because if we color
each element of the set of natural numbers with a color, then a and a + 1 must have different colors, and
if we color the set of natural numbers with 4 colors in a 5-color set if @ and b have the same color, it can
be shown that 3a — b has a different color [15]. In [5], it was proven that for every p € N, the family
{z,y,x +y,x+2y,...,x + py} is Ramsey in N. Additionally, Folkman proved that for every m € N,
the following family is Ramsey:

)

T o, r1 + o )

T2 T2 + 11 ; To + X , T2+T1+ 2o

Tm 5, Tm+Tm—1 , Tm+Tm—2 , y Tm + Tm—1 + -+ X0 )

Just as the theorems of Schur and Van der Waerden were generalized, the generalization of Folkman’s

theorem is not far-fetched. In [7], Deuber proved that for every m, p,c € N, the following structure is

Ramsey in N:
( cxo
izg + cry ) ie{-p,...,p}
ixo + jx1 + cxo , i,j €{-p,...,0}
P00+ + lm—1Tm—1 + T G0y -y im—1 € {—D,...,D}

Suppose that m € N and {f1, fo,..., fr} is a finite family of linear functions f : N+ 5 N,
Then, this family is Ramsey if and only if there exist p and ¢ in N such that the above structure contains
{f1, fo,- .., fx}. To generalize this theorem, various methods can be employed. For instance, one can
extend the Ramsey family to an infinite family of functions. Similar to a theorem called Hindman’s
theorem, which is translatable into the language of Ramsey families, significant results have also been
obtained in this regard [13]. Furthermore, considering the potential parallels between the outcomes of

linear functions and polynomial functions, the following classic question is raised:
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”Suppose that for £ € N, fi1, fo,..., fx € Z[x1,...,x;]. What is the necessary and sufficient
condition for the family { f1, ..., fx} to be Ramsey in N?”

Based on the aforementioned, all structures present in the Schur, Van der Waerden, and Deuber theo-
rems are Ramsey families. Examining this subject when the structure involves addition and multiplication
proves to be quite challenging. In 1977, Furstenberg and Sarkdzy presented a proof for the monochro-
maticity of the structure {a, a-+b2} [10], [1%]. Subsequently, Bergelson improved these results by proving
the monochromaticity of the structure {a, b, a-+b%} [3]. However, the significant breakthrough came with
the extension to polynomial functions by Bergelson and Leibman in the Van der Waerden theorem, where
they showed, that the structure

{zo,x0 +p1(x1,...,Zm), -, 20+ Pr(T1,. .oy Tm)}

with p1,...,pg € Z[x1, ..., 2] such that p;(0) = 0 is Ramsey [4].

Nowadays, the polynomial Van der Waerden theorem has been generalized in various directions,
each of which represents a new example of polynomial Ramsey families ([1], [2], [9], [14]). However, a
complete and accurate solution for the following conjecture is still not available.

” Is it true that for every finite coloring of the natural numbers, there exist a,b € N such that the

structure {a, b, a + b, ab} is monochromatic?

Conclusion

In today’s research, the investigation of Ramsey families of nonlinear functions, whose simpler forms are

polynomial expressions with two variables, holds a special priority.
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