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Extended Abstract

Introduction

Frames for Hilbert spaces were introduced in [4]. Let H be a Hilbert space and let I be a finite or countable
index set. A family F = {f;};c1 C H is a discrete frame for H, if there exist 0 < Ar < Br < oo, such
that
AF|FIP < YO WE P < BzIFIP,
iel

for each f € H. The sequence F is called a Bessel sequence if only the second inequality is required.

Continuous frames were introduced in [1, 6]. Let (€2, 1) be a measure space and let H be a Hilbert
space. A weakly-measurable mapping F' :  — H is called a continuous frame for H with respect to
(€, p) if there exist two positive constants A, B such that for each f € H, we have

Ar|fI? é/gl(f’F(w)>l2du(W) < Br| I

The positive numbers Ay and B are called the lower and upper bounds of the frame, respectively. The
mapping F' is called tight it Ap = Br and if Ap = Bp = 1, itis called a Parseval frame. 1f only the
second inequality is required, we say that F' is a continuous Bessel mapping. Suppose that F' : Q — H
is a continuous Bessel mapping. Then the operator T : L?(€2, 1) — H weakly defined by

(Tre, f) = Jo e F W), fldu(w), ¢ € L*(Qp),f€H,

is well-defined and bounded with ||Tr| < +/Bp. Indeed, [, ¢(w)F(w)du(w) is an element of 4 and
Tr can be written as Tr () = [, ¢(w)F(w)dp(w). The operator T is called the synthesis operator of
F and its adjoint which is given by

T H = (), (Tpf)(w) = (f,F(w)), weQ feH,

is the analysis operator of F'. The operator Sp = T} is a positive operator and if F' is a continuous
frame, then S is also an invertible operator and called the frame operator of F'. In fact, foreach f, g € H,

we have

(Skf,9) = [o(f, FW)/(F(w), g)dp(w).

A Bessel mapping G such that T T is equal to the identity operator on H is called a dual for F'. A
Bessel mapping G is a pseudo-dual for F' if T T} is invertible. If the distance (with respect to the norm)
between 11 and the identity operator on H is less than one, then G is called an approximate dual of F'.
Let F and G be two Bessel mappings and let Q € B(L?(£2, 1)). The function G is said to be a Q-pseudo-
dual (resp. Q-dual, Q-approximate dual) for F if the operator S g, r defined by S o.r = TaQT}
is invertible (resp. Sg.o.r = Idy, ||Sc,q.r — Idy| < 1). For more results about pseudo-duals and

approximate duals of continuous frames, see [10].
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Conclusion

The main results of the paper are:

Theorem 0.1. Let F,G be two Bessel mappings and let T € B(H). In this case, TF : Q — H and
TG : Q — H defined by TF(x) = T(F(z)) and TG(x) = T(G(x)) are Bessel mappings. Moreover, if
TG is a Q-pseudo-dual of T'F, then T is right-invertible.

Theorem 0.2. Let G be a Q-pseudo-dual of F and T € B(H). If T is invertible, then TG is a Q-pseudo-
dual of TF.

Theorem 0.3. Let F',G, M : Q) — H be three Bessel mappings. Then F' — M : Q — H and G — M
Q — Hdefined by (F —M)(z) = F(x)—M(z) and (G—M)(z) = G(x)— M (z) are Bessel mappings.
Moreover, if ||Sa,o.m|| < 1 and G is a Q-dual of F, then G is a Q-approximate dual of F' — M. Also, if
< land G is a Q-dual of F, then G — M is a Q-approximate dual of F.
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