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Extended Abstract

Introduction

Hilbert space frames were originally introduced by Duffin and Schaeffer to deal with some problems
in non-harmonic Fourier analysis [8], [7]. Frames can be viewed as redundant bases which are gener-
alizations of Riesz bases [3], [4], [5], [6], [2], [12], [12],[17]. This redundancy property sometimes is
extremely important in some applications such as signal and image processing, data compression, and
sampling theory.

In recent years, many mathematicians get significant results by extending the theory of frames from
Hilbert spaces to Hilbert C*-modules. Hilbert C*-modules are generalizations of Hilbert spaces by allow-
ing the inner product to take values in a C*-algebra rather than in the field of real or complex numbers.
They were introduced and investigated initially by Kaplansky (see also [11, 15]). Frank and Larson
[9] introduced the concept of frames in finitely or countably generated Hilbert C*-modules over a uni-
tal C'*-algebra. The second author and B. Khosravi in [12] introduced modular Riesz bases in Hilbert
C*-modules and showed that they share many properties with Riesz bases in Hilbert spaces. Frames in
Hilbert C*-modules are called Hilbert C*-modular frames or just simply modular frames. Recently, Be-
mrose, Casazza, Grochenig, Lammers, and Lynch in [3] (see also [5], [14], [18]) introduced the concept
of weaving frames which is motivated by a problem regarding distributed signal processing.

Let { f; }icr and {g; }ic1 be two frames for a Hilbert space H. {{ fi}icr,{gi}icr} is said to be woven
if there are universal constants A and B so that for every subset o of I, the family { f; }ico [J{gi }icoe, 1S
a frame for H with lower and upper frame bounds A and B, respectively. The family { f; }ico (U{gi }icoe
is called a weaving, for more details see [5]. {{fi}icr,{gi}icr} is called partition-woven, or simply
P-woven, if there exists a nonempty proper subset o of I such that { f;}ico (J{gi}icoc is a frame (see

[5D.

Conclusion

In this paper, the following definitions are stated:

Definition 0.1. A pre-Hilbert A-module is a left A-module H equipped with an A-valued inner product
() : Hx H— A, such that

(1) (x,x) > 0 forall x € H and (x,x) = 0 if and only if x = 0,

(13){x,y) = (y,z)* forall z,y € H,

(7i1) (ax + y, z) = alz, z) + (y,2) foralla € Aand x,y,z € H.

Definition 0.2. Let A be a unital C*-algebra. A sequence {x; : 1 € 1} in H is called a frame for H, if
there exist two constants 0 < C < D < oo such that

Clal® <) [z, 2:)|* < Dla?,
el

for every x € H, it is called a tight frame if C = D, is called a Parseval frame if C = D = 1 and is

called a Bessel sequence, if the right-hand side inequality is required.
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Definition 0.3. (i) A frame {x; : i € I} for H is called a Riesz basis if x; # 0 for each i € I and
Y ics @ix; = 0 for coefficients {a; : i € S} C A, S C I, implies that a;x; = 0 for each i € S.

(ii) Let {x; : 1 € I} C H be a sequence in H. We say that {x; : i € 1} is a modular Riesz basis, if
there exists an invertible U € B((3(A), H) such that for every {a; : i € I} in (3(A), U(X,c; aie;) =
> ics @i, where {e; : i € I} is the standard orthonormal basis of (3(A).

Definition 0.4. A sequence {x; : i € I} in H which is a frame for its closed A-linear hull is called a
frame sequence. If every subsequence of {x; : i € I} is a frame sequence, we say that the frame has the
subframe property. If {x; : i € I} is a frame for H with the subframe property and additionally there
are uniform upper and lower frame bounds for all subsequences of the frame, then we call {x; : i € I}

a Riesz frame.

Definition 0.5. A family {xf ci €1} forj =1,2,...,m of frames in H is called woven, if there exist
constants C, D > 0 such that for every partition P = {01, 09, ...,0m} of I, {xf ri€0j,j=1,2,...,m}
is a frame with bounds C, D. Each family {xf ti € 04,7 =1,2,...,m} is called a weaving.

Definition 0.6. (i) A family {:z:f ci €1}, j=1,2,...,m of Bessel sequences in H is called a P-woven
[frame, if there exists a partition P = {o01,09, ...,0m} of I such that {azz ri€05,j=1,2,...,m}isa
frame for H.

(13) A family {xz 24 € I} for j = 1,2,...,m of Bessel sequences in H is CP-woven, if there exists
a partition P = {01,029, ...,0m} of I such that for each permutation (A1, A2, ..., \p) of {1,2,...,m},
{:ci 11 €0y,,J =1,2,...,m} is a frame for H.

Also, the next theorems and propositions are presented:

Theorem 0.7. Let {x; = Ue; : i € I} be a modular Riesz basis. Then

(i) {z; : i € I} is a frame with synthesis operator U and with a unique dual frame {(U*)~Y(e;) : i € I},
which is a modular Riesz basis.

(1) If Y ;cp aixy = O, for some {a; : i € I} C A, then a; = 0 for eachi € I.

(i) If' Y ;e aizi converges for some {a; :i € I} C A, then {a; : i € I} € (3(A).

(iv) There exist 0 < A < B < oo such that for every {a; : i € I} € (3(A),

A

2
g aiZ;

il

D lail

i€l

B> |ail®

i€l

Theorem 0.8. Let {x; : i € I} be a frame for H with analysis operator T : H — (3(A). Then the
following are equivalent:

(1) {x; : i € I} is a modular Riesz basis.

(i3) T* : £2(A) — H is one to one.

(131) {x; : i € I} has a unique dual frame.

(iv) There exist positive constants A, B such that for every {a; : i € I} in (3(A),

A

2
E ;T

il

D lail?

iel

B> lail®

iel

Proposition 0.9. Every modular Riesz basis has the subframe property.
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Proposition 0.10. Let {xf ci € I} for j = 1,2,...,m be a woven frame for H and Q € B(H) be
surjective. Then {Q:L‘i c1 €1} forj =1,2,...,mis a woven frame.

Theorem 0.11. Let {xf 21 € I} forj =1,2,...,m be a woven frame with bounds C, D. Suppose that
J C I for which there exist a constant 0 < E < C and a partition P = {0'1, 0/2, - o;n} of J such that
foreveryx € H

ZZ\ DP<Elz].

Then {xf cieI\J}forj=1,2,...,mis awoven frame for H.

Theorem 0.12. Let {xf s i € I} be a frame with bounds C, D; for each j = 1,2, ...,m such that there
exist a constant 0 < E/ < ZTZI Cj and a partition P = {01, 09, ...,0m} of I such that

SY ) P<Blaf (e,

Jj= 1'L€cr
Then {xf ci €I} forj=1,2,...,mis aP-woven frame.

Theorem 0.13. Let {xi i € I} be a frame for H with frame operator S; for each j = 1,2,....m
Assume that there exist a constant 0 < E < m and a partition P = {01,049, ...,0m } of I such that

1

ZZ\ (z,S; %)) P< E|x 2,

j= 1160

[un

for every x € H. Then the family {5’ 2 f iel},j=1,2,...misaP-woven frame for H.
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