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Extended Abstract

Introduction

Let g be a function in L?(IR) and a, b be two positive constants. The collection { E,,,5Tha 9}m,nez Where
B f(z) = 2™ £ (1) and T, f () = f(z —na) is called a Gabor frame in L?(R) if it is a frame for
the Hilbert space L%(R).

Gabor frames, introduced by D. Gabor in 1946 (see [7]), have been extensively studied. One of the most
important results for Gabor frames is the Ron-Shen duality principle that precisely characterizes Gabor
frames. It states that for every g € L*(R) and a,b > 0 with ab < 1, {E;pThag monez is a frame with
bounds A, B for L?(R) if and only if {\/%E%T% 9}m.nez 1s a Riesz sequence with bounds A, B.

For a generalization of the duality principle from Gabor frames to abstract frame theory, the concept of
R-duality with respect to orthonormal bases was defined as follows (see [10]):

Let (e;)jen and (h;);en be orthonormal bases for a separable Hilbert space 7. Let (f;);cn be a sequence
such that for every j € N, .. [(fi, €j)]? < oo and

wl = > (fires)hi.

€N

The sequence (w]f )jen is called the R-dual sequence of ( f;);en with respect to (e;) jen and (h;)ien.

Conclusion
The main results of this paper are:

Theorem 0.1. Assume that T is a subset of N. Let (e;)jez and (h;)ict be Riesz bases in H and (f;)icr
be a sequence such that Y, .7 |( fi, j)|* < oo, for every j € I. Then, the following statements hold.:
1. Foreveryi €T
fi=Y (Wl e,
JET
where (€;)je1 and (hi)icr are the canonical dual frames of (ej)jez and (h;)iez, respectively.

2. (fi)iez is the R-dual sequence of(w]f)jez with respect to (i;i)iel' and (€5) jez.

Theorem 0.2. Let ( f;)icz be a Bessel sequence with Bessel bound A, (h;)icr and (e;) jez be Riesz bases
in H and M be defined as

M:H—H
M(f)y =" (i, i
i€

If(w;)jg is the R-dual of ( f;)ic1 with respect to (h;)icz and (e;) jez, then (w{)jez is a Bessel sequence

in ‘H. Moreover, the following statements are equivalent:

1. R(M) is closed and M is injective.
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2. M is bounded below.
3. (fi)iez is a frame in H.
Theorem 0.3. Let (f;)icz be a Bessel sequence in H and let (h;);c1 be a Riesz basis in H. Let M be

M:H—H

M(f) = {fi [

1€l
Then M : H — H is an invertible anti-linear map if and only if (f;)icz is a Riesz basis in H.

Theorem 0.4. Let F = (f;)icz and G = (9;)ie1 be frames in H and (h;),cz and (ej) ez be Riesz bases
for H. Suppose that

My(f) = (fis )b, M (f) = gi, F)hi,

i€l 1€T

and

Sralf) = S f, Fiha
€L

Then the following statements are equivalent:
1. F = (fi)iez is an alternate dual frame of G = (g;)icz-
2. S]:’g = Sg,]: = Idy.

3. (Mi(ej), Ma(ey)) = d;i for every j, k € L.
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